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Software Performance on Nonlinear Least-Squares Problems

Christina Fraley

Stanford Universityt

Abstract

This paper presents numerical results for a large and varied set of problems using software

that is widely available and has undergone extensive testing. The algorithms implemented in

this software include Newton-based linesearch and trust-region methods for unconstrained opti-

mization, as well as Gauss-Newton, Levenberg-Matquaidt, and special quasi-Newton methods for

nonlinear least squares. Rather than give a critical assessment of the software itself, our original

purpose was to use the best available software to compare the underlying algorithms, to identify

classes of problems for each method on which the performance is either very good or very poor,

and to provide benchmarks for future work in nonlinear least squares and unconstrained opti-

mization. The variability in the results made it impossible to meet either of the first two goals;

however the results are significant as a step toward explaining why these aims are so difficult to

accomplish. A -
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1. Introduction

The nonlinear least-squares problem is that of minimizing a sum of squares

Mi Dt i(r1)'
rev" 2 =

in which each *; is a real-valued function having continuous second partial derivatives. The

problem can also be posed as a minimization of the 12 norm of a multivariate function:

min 2t

where ( 2(7) I
Aa-) 02-

We shall refer to the function 2 IIf(z)ll as the nonlinear ieast-squares objective function. It is

assumed that a and m are relatively small, so that algorithms are not formulated with any special

considerations for limited storage. A common instance is the choice of parameters d within a

nonlinear model io:

mill ) 1('(#; r ) -

where di are observations at prescribed values ri.

Many specialized algorithms have been developed to take advantage of the structure of the

nonlinear least-squares objective. This paper presents numerical results for a large and varied

set of problems using software that is widely available and has undergone extensive testing.

The algorithms implemented in this software include Newton-based linesearch and trust-region

methods for unconstrained optimization, as well as Gauss-Newton, Levenberg-Marquardt, and

special quasi-Newton methods for nonlinear least squares. Rather than give a critical assessment

of the software itself, our original purpose was to use the best available software to compare the

underlying algorithms, to identify classes of problems on which the performance of each method

is either very good or very poor, and to provide benchmarks for future work in nonlinear least

squares and unconstrained optimization. The variability in the results made it impossible to meet

either of the first two goals. However, the results are significant in that they reveal a great deal

about the reasons these aims why aims are so difficult to accomplish. For treatment of issues and
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methodology for software performance evaluation see. e. g.. Mori, Garbow, and Hillstrom (1978;

19811. Hiebert [1979; 1981], and Hanson and Krogh (19811. Hiebert [1979; 19811 conducts an

extensive evaluation of twelve programs for nonlinear least squares, in which she includes software

that uses first derivatives as well as some that does not. In the present study, all of the software

requires first if not second derivatives of the problem functions.

This paper is organized as follows. Section 2 reviews computational techniques for the uncon-

strained optimization problem. These methods are of interest because the nonlinear least squares

problem is a particular instance of unconstrained optimization, so that special-purpose algorithms

for sums of squares should compare favorably in performance with those developed for the more

general case. Moreover, much of the motivation for unconstrained optimization methods is also

relevant to algorithm development for nonlinear least squares. Our emphasis is on computational

issues related to the methods included in this study. For more extensive treatment of uncon-

strained optimization algorithms, see Fletcher [1980. Gill, Murray, and Wright [1981), Dennis

and Schnabel (1983], and Mori and Sorensen [19841. Section 3 reviews the principal approaches

that are used in software for nonlinear least-squares problems. These are Gauss-Newton methods;

Levenberg-Marquardt methods, one of which is implemented in the software package MINPACK

[Mor (1978), Mo, Garbow, and Hillstrom (1980)] corrected Gauss-Newton methods [Gill and

Murray (1978)], which are the basis for the NAG Library nonlinear least-squares software; and

methods that form quasi-Newton approximations to the term B = '- i in the nonlinear

least-squares Hessian, a strategy that is adaptively combined with a Gauss-Newton method and

a Levenberg-Marquardt method in the computer algorithm R,2SOL [Dennis, Gay, and Welsch

(1981a, 1981bM. We assume a knowledge of numerical techniques for linear least-squares (e. g.,

Lawson and Hanson [1974], and Golub and Van Loan [19831). For more information on algo-

rithms specific to nonlinear least-squares problems, see Fraley [19881 and the references cited in

that paper. Section 4 is a summary and discussion of the numerical results. Section 5 contains

tables of all of the results, as well as information about the software and test problems used in

obtaining them.
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1.1 Definitions and Notation

We shall use the following definitions and notational conventions

" Generally subscripts on a function mean that the function is evaluated at the corresponding

subscripted variable (for example, f = f(ia)). An exception is made for the residual

functions b;. where the subscript is the component index for the vector f.

* f - The vector of nonlinear functions whose 12 norm is to be minimized.

The nonlinear least-squares problem is

min I -f(.) f(a).

where the factor 1 is introduced in order to avoid a factor of two in the derivatives.

" bi - The ith residnal function, also the ith component of the vector f.

161(7)

An alternative formulation of the nonlinear least-squares problem is

mim

where each #i(r) is a smooth function mapping NO to R.

" J - The Jacobian matrix of f.

J(7') S Vf(7)= :

• g - The gradient of the nonlinear least-squares objective.

#(Z) _V l (I,)Tf(Y)) = j(.)Tf(.)

* B - The part of the Hessian matrix of the nonlinear least-squares objective that involves

second derivatives of the residual functions.

S1( f(.)Tf(,r))= r().(.) + R(7),



where
R(r) - ~ 2()

t"=1

a R(A) - The raaige of A.

If A is an in x a matrix, then

R.(A)-{bIA.=b for some z EW'

is a subspace of Wm.

a*A'(A)- The null space of A.

If A is an in x n matrix, then

,r(A) - {zI IA = o)

is a subspace of '. .(A) ;s the orthogonal complement of R(AT) in Sr.

44
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2. Methods for Unconstrained Optimization

2.1 Local Quadratic Approximation

Software for the unconstrained optimization problem

rain .r(Z).

is usually based on successive minimization of a quadratic approximation

Qk(P) M T..Fkp+ I (2.1.1)

for F(7, + p) - F(i,), the change in F at ak. The matrix H, is positive definite, so that the

model Qk,(p) has a well-defined minimum

Pk =-H&'r- ,

that can be computed efficiently. Positive definiteness of H also means that ph is a descent

direction for F at j,. which is essential for linesearch methods (see Section 2.2.1). For methods

based on (2.11), the condition.

li1r 1( - - 0 (2.1.2)

k-no IIPk11

is equivalent to local superlinear convergence of the sequence {'r + PI to an isolated local

minimum 2r" of F (see Dennis and Mori [1974; 1977]). The relationship (2.1.2) implies that the

step p, approaches the Newton step in both magnitude and direction, although the sequence of

matrices H,) need not converge to V72)F(,?).

Section 2.2 is concerned with modifications that are used to enforce convergence from an

arbitrary starting point. These modifications fall into two categories: line.warch methods and

* tru.IcL-rgion methods. Section 2.3 deals with the choice of 14 in (2.1.1), so that condition (2.1.2)

for superlinear convergence is satisfied. We discuss methods that use exact second derivatives as

well as quasi-Newton approximations.

2.2 Globalization Strategies

2.2.1 Linesearch Approach



Lineseaych methods obtain a new iterate in two essentially separate phases. First. a &%renj

dirton pa, is found for 7; that is, a vector pk is computed for which

r iTp <0. (2.2.1)

Condition (2.2.1) is equivalent to saying that T initially decreases along the direction pk from

ark. Various ways of defining pk are discussed in Section 2.3. This section is concerned with the

second phase of a linesearch method, that of finding a steplength 1i satisfying

Y(sp. + nVpkp) <Y(7k), (2.2.2)

once a descent direction is obtained.

Because of (2.2.1), condition (2.2.2) can be satisfied by choosing a sufficiently small value

of O p, but the result may not be an appreciable reduction in F. In fact, {r + kpp.) may

converge to a point that is not a stationary point unless conditions stronger than (2.2.2) are

imposed on nk (see, e. g., Dennis and Schnabel [19831, Chapter 6). On the other hand, finding a

minimum of Y along pk is an iterative process which could require many function and derivative

evaluations. Steplength algorithms instead compute ok that satisfies conditions sufficient to

ensure convergence to a stationary point of Y whenever the sequence fphk) is bounded away

from orthogonality to the gradient.

The work of Goldstein [1965; 1967], Armijo [1966], Goldstein and Price (19671, and Wolfe

[1969; 1971], (see also Ortega and Rheinboldt [1970]) established the fundamental principles

underlying most steplength algorithms. A simple strategy for sufficient decrease is based on the

condition

.r(p + nppk ) - r(,,) < jfr'Tk'Fpp, (2.2.3)

for i C [0, 1). An initial value (usually n" = 1) is tried first, and then a backtracking strategy is

used to reduce it until an admissible step is found. The steplength strategy of Gill et al. [1979),

combines (2.2.3) with the condition

IVF(:. + &kp,) Tp, I _< (22.4)

for i E [0, 1), which keeps the steplength bounded away from zero by forcing it to approximate a

local minimum of J" along pp. A procedure for one-dimensional minimization is truncated, using



(2.2.4) as the criterion for termination. This is accomplished by polynomial interpolation to the

fu" -tion

Fn) = '.r, + npl,). (2.2.3)

together with some safeguards to prevent iterates from being either too close together or too far

apart. An exact minimization would be carried out for i? = 0 in (2.2.1), while larger values of V/

increasingly relax this requirement. When i < ir, an interval of steplengths satisfies both (2.2.3)

and (2.2.4); if to is chosen sufficiently small. then (2.2.3) almost always holds when (2.2.4) does.

When p 2_ q, a backtracking strategy may be used if (2.2.3) fails to hold for the steplength

computed in the one-dimensional minimization. If V ' p, < 0 and na, satisfies (2.2.3) and

(2.2.4). then

IM INp 112

which implies convergence to a stationary point of T provided (pk ) remains uniformly bounded

away from orthogonality to {V, 1 ). f i < 0.5. both conditions (2.2.3) and (2.2.4) are auto-

matically satisfied by superlinearly or quadratically convergent algorithms with a/, = I when rk

is sufficiently close to a local minimum.

Although the theory allows considerable flexibility in choosing the interpolant to 4(OV) and

other parameters in the univariate minimization, as well as in the choice of p and q in (2.2.3)

and (2.2.4), in practice performance on difficult problems may be very sensitive to these factors.

Moreover, safeguarding in univariate minimization requires specification of a finite interval of

uncertainty in which the minimum is presumed to lie. If ph is very large, it could happen that

no satisfactory approximation to a minimum along that direction can be found, resulting in an

excessively small step.

2.2.2 Trust-Region Approach

Trust-region methods were first developed for nonlinear least squares (Levenberg (1944):

Morrison (1960); Marquardt (1963)] (see Section 3.2), and later independently for general un-

constrained minimization [Goldfeld, Quandt. and Trotter (1966)]. Motivation for trust-region

methods comes from the following observation: if the step to the unconstrained minimum of the

current local model for F(r + p) - 7(.r) is relatively large, then it probably falls outside the

region in which the model is applicable. The basic idea is to define a neighborhood of the current

• • . ,I I I I I7



point over which an approximate minimization of a local model of the change in Y will yield a

suitable step to the next iterate.

The local model and constraints defining the neighborhood are chosen so that the subproblem

has a well-defined minimum, and so that fast local convergence is possible with the unconstrained

model. Typically, the model at -/, is a quadratic function V.Y' p+ I p'rHkp, and an upper bound

is imposed on a scaled 12 norm of p. giving the subproblem

,Mi p + 1 pT Hp (2.2.6)

subject toJ[Dkp[ 2 < 4.

For practical reasons, the scaling matrices D5 are usually diagonal (with positive diagonal entries).

Solving (2.2.6) is equivalent to minimizing the quadratic function

V 1TP+ P T (Hi + Xk D ,D) p (2.2.7)

for some Ak 0, where the matrix Hi, + A, DTDk is at least positive semi-definite.

In practice, it has been found to be more satisfactory to control the value of Ah directly

rather than A (see Mork [1983]). Increases and decreases in hk are usually based on comparing

the actual reduction

to the reduction predicted by the model,

Vp2+k Hpk.

The updating procedure for 4 can be as simple as multiplying the current value by some pre-

scribed factor, without compromising global convergence properties (see below). The preferred

strategy for decreasing Ag is more complicated. An approximate minimum r, of '(r + rpk)

is computed by safeguarded polynomial interpolation (as in linesearch methods - see Section

2.2.1), and rkJIDphII2 is taken to be the new value of 6A. It may be necessary to decrease 65 a

number of times before a suitable reduction in ) is achieved and the step to a new iterate can 0

be taken.

Once Ak is assigned a value, it remains to find pg, when the solution to (2.2.6) is not an ,

unconstrained minimum. Mork and Sorensen [1983] obtain A, in (2.2.7) by truncating a numerical

procedure for computing a zero of the function

(1M, + A ( I ) . 12 Ag,, (2.2.8)

*(A) I I I II I I-I I I 2



based on the work of Hebden [1973] (see also Reinsch [1971) and Gay [1981]) The algorithm

of C(ay [198"1. implemented in the PORT Library [1984). approximates pk(.\) by a linear com-

bination of the (scaled) steepest descent direction and the Newton direction. This technique

was devised by Powell (1970] (see also Dennis and Mei [19791). and is used because it achieves

comparable performance to methods that attempt to approximate *P(A) closely, with considerably

less computational effort.

Somewhat stronger convergence results have been proven for trust-region methods than are

known for linesearch methods (see Section 2.2.1). Trust-region methods converge to an isolated

local minimum under fairly mild conditions when exact second derivatives are used, and otherwise

to a stationary point. Although global convergence properties are not affected, in practice the

choice of ho and the updating strategy for A, are important. As fk, and hence the norm of p. is

made to approach zero, the minimizer of the quadratic becomes parallel to the steepest descent

direction, -'.'. Small values of Ak are accordingly safe, in the sense that they guarantee a

decrease, but progress may be unacceptably slow if no provision is made for taking larger steps

where possible.

For more detail and general discussion of trust-region methods, see Mor6 [1983], Shultz,

Schnabel, and Byrd [198S], and Bulteau and Vial [19871. Related variants are described in

Bulteau and Vial [1985) and Byrd. Schnabel, and Shultz [1988].

2.2.3 Stationary Points and Directions of Negative Curvature

It is possible to decrease " at a stationary point r" if the Hessian matrix has one or more

negative eigenvalues. The decrease is obtained by moving along a direction of negative curvature;

in other words, a direction p for which pT' 2 7(:*)p < 0. Trust-region methods that use

the quadratic model with exact Hessian information (see Section 2.3.1) will yield directions

of negative curvature at stationary points when V.2T( " ) is indefinite, whereas the linesearch

methods discussed above terminate when the gradient vanishes.

A fundamental problem is that of deciding the length of the step to be taken along a direction

of negative curvature. This problem is very much related to the problem of setting a maximum

step length in order to safeguard a linesearch method, or that of determining the step bound in a

trust-region method. First- and second-order information about the function at x* indicates that

an infinite step can be taken, since the quadratic part of the Taylor series at x* is unbounded

, , , , ,



below when "'.2F(z*) is indefinite. Clearly an infinite step is not possible if T has a finite

minimum.

Neither the question of choosing a direction of negative curvature, nor the problem of choos-

ing a steplength along such directions has been adequately resolved, and thus in most methods

directions of negative curvature are not explicitly sought at arbitrary points. For research on

generating directions of negative curvature, and on their use in unconstrained optimization algo-

rithms, see Gill and Murray [1974a). Fletcher and Freeman [1977], McCormick [1977), Mort and

Sorensen [1979), Goldfarb [1980), and Shultz, Schnabel, and Byrd [1985].

2.3 Defining the Quadratic Model

2.3.1 Second-Derivative Methods

There are two basic frameworks for defining Ilk in the quadratic model (2.1.1) when second

derivative information is available: direct modification of the Hessian, and trust-region methods.

Both can be viewed as procedures for producing a positive-definite quadratic model by modifying

the exact Hessian V2Y'k. A method that combines the two approaches is given in Chapter 5

(Section 5) of Dennis and Schnabel [1983].

The modified Newton method of Gill and Murray [1974aJ is a linesearch method in which

the definition of the search direction is based on the fact that if H1, is positive definite, it can be

characterized by its Cholesky factorization

=f kRTR, (2.3.1)

where R1, is upper-triangular and nonsingular (see, e. g., Stewart [19731, Chapter 3). Gill and

Murray alter the Cholesky factorization procedure so that it can be continued in the event of

indefiniteness or near-singularity. The modified factorization is applied to the Hessian matrix

V 2.', resulting in the Cholesky factorization of a matrix 14, with a prescribed upper bound on

its condition number. The matrix 14 may differ from V2.F- only in the diagonal elements. Local

convergence properties of of Newton's method are preserved, because Ilk = IV2F whenever

V 2Y.l' is sufficiently positive definite. An implementation is available in the NAG Library [1984]

(subroutine EO4LBF). For information on other direct modification methods, see Gill, Murray,

and Wright [1981], Chapter 4. and Higham [1986].

I0
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In trust-region methods with exact Hessian information, a subproblem of the form

,.1in T'*' p + 1 prTkfp ...

subject toIIDj, p 2 <k.

is solved for the stop Pk to the next iterate. We recall from the overview of trust-regions in

Section 2.2.2 that solving (2.1.2) is equivalent to solving
min 7P+ PT + p (2.3.3)

for some non-negative value of Ak, with "2)'r + Ak Dj'D5, positive semidefinite. In particular,

A, will be positive whenever V 2
7- is indefinite, and also when V2 75 is posltive-definite if 6k

happens to be smaller than the norm of the scaled unconstrained minimum of the quadratic

objective. In contrast to the modified Newton method described above, all of the eigenvalues of

T12T' are changed when A > 0 in (2.3.3). As long as the constraint in (2.3.2) is inactive near

a local minimum, the local convergence behavior of Newton's method is preserved. A recent

implementation of a trust-region method that uses second derivatives is available in the PORT

Library [19843 (subroutine DNNE; see also Gay [19831). For further information on trust-regions

with exact Hessian information, see Fletcher [19801. Chapter S. Gay [1981], Sorensen [19821,

Mori [19833, Mori and Sorensen [19833, and Shultz, Schnabel, and Byrd [19853.

2.3.2 Quasi-Newton Methods

In qnuai-Newton methods (also called i'ariable metric or secant methods), a sequence of

approximations HJo. H..... to the Hessian matrix of " is generated, with Hk+, depending on

fIf, as well as on gradient information at the current iterate. The approximate Hessian is required

to satisfy the quasi-Newrtn condition

HS+,lq = 1k. (2.3.4)

Aqk = k - rk Ik r'~ - 17)5.

The quantity I#,a approximates the curvature, '"S a, of along sk. Equation (2.3.4) does

not uniquely define Ilk+,; papers that discuss completion of the specification include Dennis and

Mori [1977], Nazareth [1984], Todd [1984], and Flachs (1986]. Conditions imposed on the

approximate Hessian almost always include symmetry and positive definiteness.

II



It is generally agreed that the best overall performance is achieved by the BFGCS update

l4+k = I1I - Ik h(Ik)" +

although precise reasons for its superiority are still not known (see. e. g., Brodlie [19771). Like

most proposed updates, the BFGS update is a rank-two modification of the current approximate

Hessian. The RFC-S update preserves positive definiteness whenever PIThJ, > 0, a condition that

holds automatically in a linesearch method satisfying (2.2.4).

Originally, quasi-Newton updates were formulated in terms of I/-' rather than 14, so that

minimizing the quadratic (2.1.1) at each stage in a lineseaTch algorithm involved only a matrix

multiplication (O(n 2 ) arithmetic operations) rather than solution of a linear system (0(uIt)

arithmetic operations). Gill and Murray [1972] showed that rank-two quasi-Newton methods

could be implemented in 0(n 2 ) operations per iteration by applying an update to a Cholesky

factor (see Section 2.3.1) of Hfk. This has the additional advantage that it allows the numerical

positive definiteness of 14 to be monitored from iteration to iteration. For more information on

computational aspects of the update, see Dennis and Schnabel [1983], Chapter 9, and Gill et al.

[19851.

The BFGS method belongs to a class of quasi-Newton methods that can be derived by

minimizing the diference (14+I - H&) or (H 1~'+ - H-1), in various weighted norms, subject

to (2.3.4) [Dennis and Schnabel (1979)]. Other classes of methods attempt to minimize the

condition number of H5 by selecting parameters in a class of updates at each step [Shanno

and Kettler (1970); Oren (1973, 1982); Davidon (1975); Oren and Spedicato (1976); Spedicato

(1976): Schnabel (1978)]. Al-Baali and Fletcher [19851 apply a scaling factor before updating

that minimizes an approximate measure of the error in the inverse Hessian matrix. Performance

tests indicate that these modified methods are not as successful as the BFG. method for general

problems [Brodlie (1977); Shanno and Phua (1978b); AI-Baali and Fletcher (1985)).

Under the same assumptions as required for local quadratic convergence of Newton's method.

quasi-Newton methods are locally superlinearly convergent, provided Ro is sufficiently close to

V 2 . '(o) [Broyden, Dennis, and Mori (1973)). Selection of the initial Hessian approximation

H can be critical in the performance of a quasi-Newton method. Often the identity is chosen

because it gives the steepest-descent direction on the first iteration, and it is positive definite.

Computational tests have shown that improved performance can sometimes be achieved by scaling

11o before performing the first update [Shanno and Phua (1978a); Dennis and Schnabel (1983),

12



Chapter 9]. Another possibility is to use a finite-difference approximation to V 2 Y(Zo) for fO,

modified if necessary to ensure positive definiteness. Although the choice of HO can have a

significant effect on performance, the question of how best to choose Ho is still open. It is

generally agreed that exact or approximate curvature information should be used to start the

algorithm if it is available at a reasonable cost. For a nonlinear least-squares problem, JTJo can

be used as the initial estimate, provided the columns of Jo are linearly independent.

1
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3. Methods for Nonlinear Least Squares

3.1 Gauss-Newton Methods

The Gauss-Newton method is a linesearch method in which the search direction at the current

iterate min;mizes the quadratic function

TP+ I PTjTJP (.1.1)

As a model for the change in the least-squares objective, (3.1.1 ) has the advantage that it involves

only first derivatives of the residuals, and that jTj is always at least positive semi-definite. If

P0 " =arg min g p pTJTJp,

then

jTiJrG = -g. (3.1.2)

so that pcE is a direction of descent for fTf whenever g # 0, as required in a linesearch method.

To guarantee convergence, the sequence of search directions must also be bounded away from

orthogonality to the gradient, a condition that may not be met by successive Gauss-Newton

directions unless the eigenvalues of jTj are bounded away from zero. Powell [1970a] gives an

example of convergence of a Gauss-Newton method with exact linesearch to a non-stationary

point.

The Gauss-Newton method can be viewed as a modification of Newton's method in which
jTJ is used to approximate the 4essian matrix

JT.I + 47S = JT. + R
im1

of the nonlinear least-squares objective function. The assumption is that the matrix jTj should

be a good approximation to the full Hessian when the residuals are small. In fact, if f(7*) = 0

and J(rJ)TJ(r*) is positive definite, then the sequence {fr + po'"I is locally quadratically

convergent to z., because J(ak)T J(7k) is an 0(17, - '11) approximation to the Hessian of

the nonlinear least-squares objective at z*.

14



When jTJ is singular, or, equivalently, when .1 has linearly dependent columns. (.1 .1) does

not have a unique minimizer. The set of vectors that minimize (3.1.1) is the same as the set of

solutions to the linear least-squares problem

rain IjP +f116. (3.1.3)

One (theoretically) well-defined alternative that is often approximated computationally is to re-

quire the unique solution of minimum I norm:

m I11112. (3.1..)rES

* where S is the set of solutions to (3.1.3). while another is to replace J in (3.1.3) by a maximal

linearly independent subset of its columns. In finite-precision arithmetic, there is often some

ambiguity about how to formulate and solve an alternative to (3.1.3) when the columns of J are
"nearly" linearly dependent, which is significant because the numerical solution of these problems

is dependent on the criteria used to estimate the rank of J. Fraley [1987b] gives some detailed

examples that illustrate some of the difficulties that arise in implementation.

3.2 Levenberg-Marquardt Methods

Levenberg-Marquardt methods alter the Gauss-Newton search direction in the range of J,

by replacing jTj in the quadratic model function with j'j + ADT D, where A > 0 and D is

a diagonal scaling matrix with positive diagonal entries. The step p between successive iterates

minimizes the quadratic model

g'p+ Ip T(jTj + ADTD)p, (3.2.1)

for some A > 0. Since the matrix jTj+ AD'rD is positive semidefinite, minimizers p of (..2.1)

satisfy the equations
(jTj + %Dr )p = _y= -rPf. (3.2.2)

which are the normal equations for the linear least-squares problem
l m n ( o,) 112(32 )

Equivalently p solves

rain ,T,,-+ ! T.T.,, (3.2.1)reY" 2 "

• • ' , , , i ! I I 15



subject to I <, ll .6.

for some A > fl. that is. the Gauss-Newton quadratic model is minimized subject to a trust-region

constraint.

Considerable research effort has been directed toward improvements in this class of methods

since their introduction by Levenberg (1944], Morrison (1960], and Marquardt [19631 for nonlinear

least-squares problems, and independently by Goldfeld, Quandt, and Trotter [1966] for general

unconstrained optimization. Mori [19781 gives an implementation in which he adjusts the step

bound A in (3.2.4) rather than A, a strategy used in trust-region methods for unconstrained

optimization (see Mori [1983] for a survey). Changes in 6 depend on agreement between the

actual reduction in the sum of squares

with the reduction

t' PA+ 1 th'JPA

predicted by the model jTj + A D)TD, which is the optimum value of the objective in (3.2.4).

Increases are accomplished by taking 6j,+1 = 211)pkIt2, while A is decreased by multiplying by

the factor 7 < 1. In order to obtain A when the bound in (3.2.4) is active, the nonlinear equation

q(A) = J -Dp1J(2 - 6 = 1 (jTj + ADT D) 1 -6 = 0 (3.2.5)

is approximately solved by truncating a safeguarded Newton method based on the work of Hebden

[1973] (see also Reinsch [1971]). Mori reports that, on the average, (3.2.5) is solved fewer

than two times per iteration. He also proves global convergence to a stationary point of f1Tf,

without assuming boundedness for {A ). Many computational details are given, including an

efficient method for calculating the derivative of *(A) in (3.2.5) that uses the QR factorization

of J. Equation (3.2.2) is solved by a modification of the two-stage factorization described by

Osborne [19721 that allows column pivoting. Subroutine LDER in MINPAC1K [Mori, Garbow,

and Hillstrom (1980)] is an implementation of the method. Variables are scaled internally in

LND)R according to the following scheme: the initial scaling matrix Do is the square root of the

diagonal of jTj evaluated at ro. and the ith diagonal element of PA, is taken to be the maximum

of the ith diagonal element of D&,_i and the square root of the ith diagonal element of jTj.

Numerical results are presented indicating that this scaling compares favorably with those used



in earlier research. The user also has the option of providing an init;al diagonal scaling matrix

that is retained throughout the computation.

3.3 Corrected Gauss-Newton Methods

Gill and Murray [1976] propose a Iinesearch algorithm that divides NO into complementary

subspaces * and Rt, where * C IR(JT), and .q is nearly orthogonal to X.(JT). The search

direction is the sum of a Gauss-Newton direction in '., and a projected Newton direction in

.l. This strategy avoids a shortcoming of Gauss-Newton methods - that components of the

search direction that are nearly orthogonal to *R.(J T ) may not be well determined when J is

ill-conditioned - because each component is computed from a reasonably well-conditioned sub-

problem. The vector r - r* may become almost entirely in R.(jT) in a Gauss-Newton method,

yet the algorithm computes a search direction that is virtually orthogonal to R.(JT) due to ill con-

ditioning in the Jacobian (see Fraley [1987b]). Gill and Murray show that both Gauss-Newton

algorithms defined by (3.1.4) and Levenberg-Marquardt algorithms generate search directions

that lie in R(j T ), while the Newton search direction generally will have a component in .A(J).

the orthogonal complement of R.(jT), whenever J has linearly dependent columns. For prob-

lems with small residuals, they point out that jTj is a reasonable approximation to the full

Hessian in jZ(jT), but not in .A(J). Thus, in situations where . - ," is orthogonal to X(JT),

and J is well-conditioned but has linearly dependent columns (for example, when m < n), the

Gauss-Newton and Levenberg-Marquardt directions have no component in the direction of x- b,

while Newton's method and also the method of Gill and Murray would have components in both

t(jT) and .A(J).

A version of this algorithm called the corrected Caa-Newton method (Gill and Murray

(1978)] forms the basis for the nonlinear least-squares software in the NAG Library [1984). Rules

based on the relative size of the singular values of J are given for choosing an integer gradc(J) to

- approximate rennk(J), and an attempt is made to group together singular values that are similar

in magnitude. The method is not as sensitive to gradc(J) as Gauss-Newton is to rank estimation,

both because of the division of the computation of the search direction into separate components

in * and A, and because grade(J) is varied adaptively based on a measure of the progress of

the minimization. Moreover, the rate of convergence is potentially faster than Gauss-Newton

or Levenberg-Marquardt methods on problems with nonzero residuals. The quantity gradr(J)

17



is reduced when the sum of squares is not adequately decreasing. so that there is the potential

of having ."V = V (with exact second derivatives, this implies taking full Newton steps) in the

vicinity of a solution.

When rnnk(J) = .radr(J) = n, the search direction p is a full-rank Gauss-Newton direc-

tion. Otherwise the vector p is computed as the sum of two mutually orthogonal components: a

Gaus-Newton direction, and a projected Newton direction. The projected Hessian is replaced by

a modified Cholesky factorization (see Section 2.3.1) if it is computationally singular or indefinite.

A modified Newton search direction (corresponding to the case gradr(J) = 0) is used when- 0

ever if frna(g.p)J is smaller than some prescribed value, or if .Tp is positive. A quasi-Newton

approximation to B (see the discussion in Section 3.4) and a finite-difference approximation to

the projected matrix ZTBZ along the columns of Z, where Z is an orthogonal basis for .R, are

given as alternatives to handle cases in which second derivatives of the residual functions are not

available or are difficult to comrute. Gill and Murray test their method on a set of twenty-three

problems, and find that the version that uses quasi-Newton approximations to B does not per-

form as well as those that use exact second derivatives or finite-diference approximations to a

projection of B. They observe only linear convergence for the quasi-Newton version on problems

with large residuals. The algorithms are implemented in the NAG Library [19841; subroutine

304SEF uses exact second derivatives, while subroutine E04OBF is the quasi-Newton version.

3.4 Special Quasi-Newton Methods

Special quasi-Newton methods for nonlinear least squares use a Hessian of the form jTj +

in the quadratic model, so that the search direction difers from the Gauss-Newton direction

in "R(JT), and also has a component in .A'(J) when J is rank-deficient. The matrix ft is a

quasi-Newton approximation to the term R = E"" OiVii in the Hessian of the nonlinear

least-squares objective. Brown and Dennis [19711 first proposed a method in which the Hessian

matrix of each of the residuals was updated separately. This approach is impractical because it

entails the storage of rn symmetric matrices of order n, and more recent research has aimed to

approximate R as a sum.

Gill and Murray [19781 discuss a linesearch method in which they use the augmented Gauss-

Newton quadratic model only to compute a component of the search direction in a subspace

that approximates the null space of the Jacobian (see Section 3.3). They apply the RF(;S



formula for unconstrained optimization (see, e. g.. Dennis and Mori [1977]) to the matrix ilk =

J• , -1k I + Bk with the quasi-Newton condition

k'+1* i

where

*k -7 k+ - Yk and Ip - .q+l - g,

and then form 14+1 = i, +) - J7 1 Jk4 l. They point out that, if JT+i'1i+i + B1 is positive

* definite, and Yk'sk > 0, then 4l"j1 +1 + Rk+1 is also positive definite with this scheme. In

order to safeguard the method, the projected approximate Hessian is replaced by a modified

* Cholesky factorization when it is singular or indefinite. In addition, if the cosine of the angle

between the search direction and the gradient of the nonlinear least-squares objective exceeds a

fixed threshold value, a modified Newton step with the full augmented approximate Hessian is

taken. See Section 3.3 for a summary of their observations on the performance of the methods.

Dennis, Gay, and Welsch [1981a1 apply a scaled DFP update to B at each step. The new

approximation Ak+1 solves

min IIHn 2(vb Hi - B)IP /12 lr

subject to

Hal, = yk; H positive definite

Bo, - . r+4l+ - J&T,+,; R symmetric,

where

Min( IUk/ark I, 1J.

The scale factor rh is based on the observation that the quasi-Newton approximation to B is

often too large with the unscaled update, on account of the contribution of the residuals. The

term iFjaa/*1AJ)&*k1 in rk is derived from the self-scaling principles for quasi-Newton methods

of Oren [1973), and attempts to shift the eigenvalues of the approximation Bk to overlap with

those of B1, using curvature information at 2k. The algorithm forms the basis for the ACM

computer program L2ISOL [Dennis, 'Jay, and Welsch (1981b)), which is distributed by the PORT

Library [1984J as subroutines 320 and D120. It is implemented as an adaptive method, in that

Gauss-Newton steps are taken if the Gauss-Newton quadratic model predicts the reduction in

the function better than the quadratic model that includes the term involving h. A trust-region
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strategy is used to enforce global convergence. Numerical results are given in Dennis, Gay. and

Welsch [1981a) for a set of twenty-four test problems, many with two or three different starting

values.
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4. Discussion and Summary of Numerical Results

In this section, we summarize numerical results obtained for the unconstrained optimization

and nonlinear least-squares methods; more detailed results are tabulated in the Appendix. The

tests were performed using the following software:

" DRIG/SUNSOL - Trust-region method for unconstrained optimization that uses a quasi-

Newton approximation to the Hessian matrix. From the PORT Library (1984.

* IPSOL - Linesearch method for unconstrained optimization that uses a quasi-Newton ap-

proximation to the Hessian matrix. From the Systems Optimization Laboratory, Stanford

University (see Gill et al. [1986b; 19871). Also available in the NAG Library.

" DKl1/l1IISOL - Trust-region method for unconstrained optimization that uses analytic second

derivatives. From the PORT Library [1984).

" NIA - Linesearch method for unconstrained optimization that uses analytic second derivatives.

This implementation, which is available at Stanford Linear Accelerator Center, is from the

National Physical Laboratory, England. It is essentially the same as subroutine 1041J7 from

the NAG Library [1984].

" G-N - Gauss-Newton algorithm for nonlinear least squares that uses LSSOL (Gill et al.

[1986.)) to solve the line. least squares subproblems, and the linesearch from lPSOL (Gill

et al. [lq86b]). Both LSSOL and EPSOL are also available in the NAG Library.

" LIDU - Levenberg-Marquardt method for nonlinear least squares. From MINPACK (MorA,

Garbow, and Hillstrom (19801).

* D]24/NL2SOL - Adaptive method for nonlinear least squares (combines Gauss-Newton,

Levenberg-Marquardt, and special quasi-Newton methods). From the PORT Library [1984).

" LSQM - Corrected Gauss-Newton method that uses a quasi-Newton approximation to the

Hessian matrix. This implementation, which is available at Stanford Linear Accelerator

Center, is from the National Physical Laboratory. England. It is essentially the same as

* subroutine E04GIF from the NAG Library (1984).

" LSQSDI - Corrected Gauss-Newton method that uses analytic second derivatives. This im-

* plementation, which is available at Stanford Linear Accelerator Center, is from the National

Physical Laboratory, England. It is essentially the same as subroutine E041RU from the NAG

Library (1984).
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Information about the individual test problems is given in the Appendix. The number of

function evaluations required by each subroutine is listed in the tables at the end of this section.

In addition, the following symbols are used:

o - zero-residual problem

- linear least-squares problem
- - failure to achieve an approximate solution

- appears to be unable to terminate at an approximate solution
I - local minimum

- termination criteria satisfied at a point away from a local minimum
failed with default step length or trust-region size

Two columns of figures corresponding to two different values of a single parameter are given

for each subroutine. For the Gauss-Newton methods, the parameter affects rank estimation; for

all of the other methods, the parameter affects termination criteria. See the tables of numerical

results given in the Appendix for information about the precise choices that were made. The

wide variability in the numerical results makes it difficult to draw definitive conclusions about

the relative performance of the software, because observations of small samples could result in

misleading generalizations. The sources of this variability are discussed below.

First, the number of function evaluations may nit be an adequate basis for comparison.

The routines vary in the number of gradient evaluations performed per function evaluation, and

second-derivative methods require evaluation of the Hessian matrix. Moreover, when function

evaluations are relatively inexpensive, costs could be dominated by other portions of the compu-

tation. Another difficulty in making comparisons is that the definition of an acceptable minimum

varies from routine to routine. For example, the norm of the gradient of the nonlinear least-

squares objective, u1.1g, at an alleged solution r" may differ considerably for different software,

although gq(.-) = ( is a necessary condition for a minimum. (On problem 10., L .DER terminates

at a point for which lghU is of order 100, while DI2G terminates at a point for which J191{ is of

order 10-3.) Most algorithms do not attempt to reduce 11pll directly, but convergence criteria

may include a threshold on Il(z*)ll. Dep,:nding on how this threshold is used in relation to other

criteria, some routines may spend more function evaluations in anticipation of a reduction in 11#1l

than others. A small value of Igil means greater certainty that a minimum has actually been

obtained, but may be unreasonably expensive to achieve in practice.
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Second, aside from design choices that define a particular implementation of an algorithm.

the user is permitted to specify certain parameters that may affect performance. Fraley [1987b]

gives examples that illustrate the sensitivity of Gauss-Newton methods to rank estimation criteria

(see, e. g., problems 35b., 36a., and 20d.). For problems on which an algorithm is linearly

convergent, small changes in tolerances that are used to define convergence criteria can mean

substantial differences in the amount of computation required in order to obtain a point satisfying

conditions for convergence (see, e. g.. DXUG on 24b.. and LRDER on 40.). Selection of a maximum

steplength or an initial trust-region radius can also be critical factor in the performance of a

method. In these tests, the default values for these parameters were altered only in cases where

a method was initially observed to fail by attempting to evaluate problem functions outside the

region in which they are numerically defined (see, e. g., the results for the DeVilliers and Glasser

test problems 42. and 43.). Failures of this sort may be caused either by poor scaling among

the variables in the problem, or by ill-conditioning within subproblems. Hiebert [1981] is of the

opinion that failure due to ill-conditioning can be avoided in software, but that it is not always

posible to anticipate abnormal terminations that are caused by bad scaling.

In iPSOL, one can specify bounds on the variables, a; well as adjust the maximum step

length, in order to deal with this type of difficulty. Subroutine 0LrBLD, the version of 16A that

is available in the NAG Library [1984], also provides for bounds on variables, and there are

alternative versions of all of the PORT software used in these tests that allow bounds to be

specified. Unfortunately, when bounds on the variables are included in the problem formulation.

local minima at which the bounds are active may be found rather than local minima for the

nonlinear least-squares problem. See Hanson and Krogh [1987] for numerical results in which

simple bounds are included for some problems. Holt and Fletcher [19791 give an algorithm

designed for nonlinear least-squares problems with explicit bounds on the variables.

Third, the performance of any given method over the set of test problems is by no means

uniform, and it is not easy to separate the problems into classes for which the behavior of an

algorithm can be categorized. One reason for this is that many of the test problems recur in

the literature precisely because they have certain distinguishing properties. Powell's singular

* function and variants (13. and 22.) are zero-residual problems in which the Jacobian becomes

singular at the solution. The McKeown test problems (39., 40., and 41.) are chosen so that

the Jacobian is well-conditioned everywhere, and the rate of convergence for the Gauss-Newton

method with unit steplength can be controlled by varying a single parameter (the parameter can
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also be chosen so that the unit-step Gauss-Newton method diverges). Both Powell's singular

function and McKeown's test problems are constructed analytically rather than derived from

data-fitting applications. The matrix square root problems (36.) are examples of small, dense.

nonlinear systems of equations requiring a very accurate solution. Watson's function (20.) comes

from polynomial interpolation, and has multiple local minima with small, but nonzero, residuals.

It also has the feature that the Jacobian becomes increasingly ill-conditioned as the problem

size is increased (see Fraley [1987b]). The Gulf Research and Development function (11.) has

discontinuities in the derivative of each residual on a one-dimensional subspace and hence violates

the assumption (made in developing all of the algorithms we have discussed) that the sum of

squares has continuous second derivatives. The results for the DeVilliers and Glasser test problems

(42. and 43.) illustrate variability in performance due to the use of different starting values.

More generally, the behavior of a given method for a certain type of residual function may not

be uniform over several sets of defining data of similar magnitude, as shown by the results for

the Dennis, Gay, and Vu test problems (44. and 45.).

Finally, there is considerable diversity in performance among the routines tested, and few

generalizations are possible. Our data generally supports the use of nonlinear least-squares soft-

ware over that designed for general unconstrained minimization, but there are some exceptions

(see, e. g., the McKeown test problems 39. - 41.). Of the nonlinear least-squares routines, DI2G

(iL2SOL) is often the best (the Dennis, Gay, and Vu test problems 44. and 45. are examples of

exceptions). When second derivatives are relatively cheap to obtain, the use of an unconstrained

optimization method that uses exact second derivatives may be a reasonable alternative to a

nonlinear least-squares method (see, e. g., the results for the penalty function 23b.). Our tests

do not indicate overall superiority of any particular method over the others; in situations in which

a variety of problems are being solved, we conclude that it is desirable to have the flexibilty to

choose from among several methods.

24

2.1



25



Summary of Results : Unconstrained Optimization Methods

(number of function evaluations)

Mor&, Garbow, and Hillstrom Test Problems

n m DNI EPS0L DM11 lNA

1.0 2 2 40 42 27 29 32 32 14 14

2.0 2 2 12' 12' 9 10 10' 10' 8 8

3.) 2 2 217 220 897 897 130 132 175 175

4.0 2 3 66 67 20 20 22 23 1 1

5.o 2 3 16 17 20 22 11 12 35' 35'

6. 2 10 33 34 14' 15' 11 11 12 12
T.0 3 3 28 30 37 38 16 17 14 14

8. 3 15 19 22 22 23 9 10 11 11

9. 3 15 8 12 8 9 4 4 3 3

10. 3 16 465 467 450 450 382 -388 249 249

11.0 3 10 41 327 2' 21 290 292 538 538

12.0 3 10 43 45 34 35 24 24 43 43

13.0 4 4 62' 89 66 71 27 38 38 23' 23

14.0 4 6 100 102 50 51 42 49 54 54

15. 4 11 35 36 33 35 11 12 20 20

16. 4 20 46 47 24 25 11 13 9 10

17. 5 33 69 72 32" 56' 46' 47' 43 43

18.0 6 13 45 47 45' 45' - - 44 44

19. 11 65 69 72 88 90 23 24 7' 8'

20a. 6 31 35 37 43 46 15 15 13 13

20b. 9 31 T6 79 83 85 20 22 14 14

20c. 12 31 89' 1481 55' 151 24 24 14 14

20d. 20 31 110 134' 73' 114' 50 W 1295' 1295'

21a.0 10 10 120 125 101 104 25 26 14 14

21b.° 20 20 189 193 252 265 27 2T 14 14

22P-9 12 12 143' 235 83' 165' 28' 40 23' 23'

22b.0  20 20 18I' 344 103' 196' 29' 40 24' 24'

23.. 4 5 77 78 198 198 42 43 43 43

23b. 10 11 80 81 117 124 44 45 44 44

24a. 4 8 364 472 23' 462 126 128 158 158

24b. 10 20 475 632 368 419 158 162 133 133

26



Summary of Results : Nonlinear Least-Squares Methods

(number of function evaluations.)

Mor6, Garbow, and Hillstrom Test Problems

G-N LWDI. D120 LSQFDQ LSQSDI

1.0 31 31 22 22 14 14 31 31 31 31

2. 0  180' 2351 141 21' 10' 12' 361 36' 18' 18i

3.0 311 42 19 19 64 65 47 47 4T 47

4.0 54 54 40' 54 40' 53 64 64 53 53

5.0 8 8 9 10 9 10 14 14 10 10

6. -8 -o 21 26 14 16 54 54 36' 36'

7.0 13 13 11 12 13 14 20 20 14 14

8. 7 7 6 7 7 8 13 13 6 6

9. 3 3 4 5 3 5 3 3 3 3

10. -' 30 126 126 132 133 18 18 17 17

11.0 - - - - - 691 691 300 30"

12.0  7 7 7 8 8 9 12 12 8 12

13. 0  16' 1I  65 65 19' 25 18 18 18 18'

14.0  96 96 70 70 52 53 81 81 87 99

15. 43 43 18 28 11 12 30 30 16 16

16. 3651 3651 264 356 21 22 62 62 45 45

17. 13 13 18 19 26 27 19 19 14 18

18.0 -0 - 46 46 45 46 - - 243' 247'

19. 24 24 17 19 20 22 33 33 19 19

20s. 12 12 8 10 13 13 32 32 9 9

20b. 6 6 9 10 12 15 6 6 6 6

20c. 6 6 10 12 14 14 6 6 6 6

20d. 6' 6 18 23 7' 18 18 10 12

21. 31 31 22 22 27 27 31 31 31 31

21b.0 31 31 22 22 16 16 31 31 31 31

22&.0 16' 16' 72 72 201 26 18 18 18 18

22b." 16' 16' 69 69 19' 26 18' 18' 18' 18

23a. 90 90 34 44 36 37 80 80 58 58

23b. 274 274 84 104 61 68 143 143 124 124

24&. 1043 1043 151 156 139 142 411 411 228 228

24b. - - 80 88 129 1318 566' 566' 150 150
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Summary of Results: Unconstrained Optimization Methods

(number of function evaluations)

Mor6, Garbow, and Hillstrom Test Problems (continued)

a m DUNG IPSOL DIIN KRA

25a.1 10 12 20 21 19 20 15 15 14 14

25b.0  20 22 25 26 24 24 18 19 17 18

26a.0  10 10 34' 37' 331 351 11' 121 21 21

26b.0  20 20 621 65' 761 78' 20 201 30 30

27a.n 10 10 13 16 18 19 9 10 22 22

27b.0  20 20 15 18 30 32 11 12 31 31

28&0 IC 10 31 34 33 36 4 4 4 4

28b.0  20 20 60 64 54 56 4 4 4 4

29a. 0  10 10 8 10 7 8 4 5 4 4

29b.0  20 20 8 10 7 8 4 5 4 4

30a.0  10 10 51 57 37 40 6 7 7 7

30b.0  20 20 65 88 65 671 6 7 7 7

31&.0  10 10 46 60 678 70 9 9 9 9

31b.0  20 20 47 63 141 144 9 9 9 9

32.L 10 20 6 6 2 2 6 6 4 4

33.1, 10 20 4 4 4 4 5 5 27 27

34.L  10 20 5 5 4 4 6 6 20 20

35a. 8 8 34 38 31 33 14 14 41 41

35b.0  9 9 44 46 29 32 17 18 66 66

35c. 10 10 41' 45' 37' 42 19 20 86 86

Matrix Square Root Test Problems

n m DUNG IPSOL DUNN RNA S

36a.°  4 4 - - - . .. .

36b.0  9 9 - - -I - . .. .

36c.0  9 9 69 101 3 3 31 35 3188 3188

36d.0  9 9 - - -t I - - - -
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Summary of Results: Nonlinear Least-Squares Methods

(number of function evsluations)

Mor6, Garbow, and Hillstrom Test Problems (continued)

G-N LXDER D124 LSQDQ LSQSDN

25&.0 11 11 11 12 15 16 16 16 12 17

25b.0  13 13 13 14 19 19 18 18 14 19

26a.0 16 16 28 37' 11 12 22 22 18 22

26b.0  20 20 571 71' 39 42 18 24 18 26

27&.0 21 21 15 15 8 9 26' 26' 22' 28'

27b.0  31' 31' 5' 18 1 12 31' 31' 21' 27'

28a.0 4 4 5 5 4 4 4 4 4 4

28b.0  4 4 5 5 3 4 4 4 4 4

29a.0 4 4 5 5 4 4 10 10 6 6

29b.0 4 4 5 5 4 4 10 10 6 6

30a.0 6 6 6 7 8 9 11 it 7 11

30b.0  6 6 6 7 8 9 11 11 7 11

31a0°  7 7 7 8 10 11 12 12 8 12

31b.0  7 T 7 8 10 11 12 12 8 12

32.& 2 2 3 3 5 5 2 2 2 2
33.1 3 - 3 8 18 18 2 2 2 2

34.L 3 3 3 7 13 13 2 2 2 2

35&. -' - 40 53 23 24 87' 87' 74 74

35b.0 148 -A 12 13 11 11 34 34 30 34

35c. - -' 25 34 171 191 73" 73" 43 43Y

Matrix Square Root Test Problems

G-N LUDEA DN20 LSQFDQ LSQSDI

360.0 28851 36 - - - - 44 44 38 38

36b.0  683' 36 9 10 16 - 44 44 38 38

36c.0 20 20 29 40 16 22 28 28 28 28

36d.0 741 - 2 2 4 4 424 424 380 380
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Summary of Results: Unconstrained Optimization Methods

(number of function evalualions)

Hanson Test Problems

a in DIG NPSOL DUIE MIA

37. 2 16 22 22 14 15 16 17 6 6

38. 3 16 31 32 21' 23' 14 14 13 13

McKeown Test Problems

n in DUNG ITPSOL DMIN MIA

39.. 2 3 9 11 10 11 4 4 4 4

39b. 2 3 9 10 9 10 4 4 4 4

39c. 2 3 6 7 6 8 4 5 4 4

39d. 2 3 8 9 10 11 6 6 6 6

39e. 2 3 11 12 16 17 8 8 8 8

39f. 2 3 11 11 28 29 it 11 11 11

39g. 2 3 17 18 30 31 13 14 14 14

40. 3 4 11 12 11 12 4 4 4 4

40b. 3 4 10 12 11 12 4 5 4 4

40c. 3 4 9 10 9 10 5 5 5 5

40d. 3 4 10 11 14 15 5 6 6 6

40e. 3 4 11 13 19 20 7 7 8 8

40f. 3 4 14 16 33 34 10 10 10 10

40g. 3 4 18 20 45 46 13 13 13 13

41.. 5 10 11 13 12 12 4 4 4 4

41b. 5 10 11 13 12 13 4 4 4 4

41c. 5 10 13 14 12 14 8 8 8 8

41d. 5 10 17 20 17 20 8 9 9 9

41e. 5 10 24 26 51 54 11 12 12 12

41f. 5 10 27 31 51 53 14 14 14 14

41g. 5 10 32 35 62 69 17 17 17 17
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Summary of Results: Nonlinear Least-Squares Methods

(number of function evaluations)

Hanson Test Problems

G-N LNDfl DI2G LSQFIQ LSQSDI

37. 39 39 15 21 10 11 25 25 9 9

38. 58 58 18 28 10 12 30 30 10 10

McKeown Test Problems

G-N LXDn DN2l LSQFDQ LSQSDI

39.. 8 8 5 6 5 5 17 17 4 4

39b. 32 32 14 21 6 7 24 24 6 6

39c. 23 23 18 25 7 8 22 23 9 9

39d. 681 681 20 28 7 8 31 32 12 12

39e. - - 28 44 9 10 32 32 12 12

39f. - - 31 44 14 15 43 43 25 25

39g. - - 39 44 18 20 49 49 39 39

40a. 13 13 6 9 7 7 18 18 5 5

40b. 16 16 14 17 7 11 19 19 6 6

40C. 380 380 16 22 9 10 27 27 11 11

40d. 781 781 26 40 9 9 33 34 13 13

40C. - - 90 146 10 11 70 72 45 45

40f. - - 180 272 13 14 92 92 49 49

40g. - - 206 319 23 25 123' 123' 85 85

41a. 5 5 4 4 4 4 8 8 4 4

41b. 6 6 4 5 4 5 18 18 4 4

41c. 12 12 6 8 6 6 21 21 5 5

41d. 30 30 15 22 9 11 38 38 9 9

41e. 222 222 29 38 17 20 47 47 14 14

41f. 933 933 57 89 24 27 54 54 16 16

41g. 3285 C285 84 144 29 .30 62 62 21 21
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Summary of Results: Unconstrained Optimisation Methods

(number of function e'alnations)

DeVilliers and Glasser Test Problems

f m DIG NPSOL DII lIA

42&.0 4 24 53 56 60' 61' 28 28 41' 41'

42b.0  4 24 103' 104' 140' 141' 35 36 16 16

42c.0  4 24 76 78 51' 52' 30 31 6 6

42d.0  4 24 61 64 56' 57' 30 30 6 6

43&.0 5 16 49 51 4401 5391 22 22 30 30'

43b.0  5 16 58 60 37"1 38" 26 27 178 I7'

43c.0  5 16 41 44 44"P 54" 21 21 89' 89'

43d.0 5 16 57 60 112"1 120" 27' 28' 41' 42'

43e.0 5 16 51 53 95' 97' 28' 29' 142' 1430

43f 0  5 16 45 48 56' 59' 17 18 37' 37'

Dennis, Gay, and Vu Test Problems

n m DIEG IPSOL DIMI NIL

44&.0 6 6 441 444 488 490 179 180 143 144

44b.0  6 6 31 34 57 59 9 10 46 46

44c.0  6 6 3726 3731 - - 194 195 914 915

44d.0  6 6 -, 3865 - - 187 188 915 916

44e.0  6 6 -, 2815 1976 1978 219 220 475 476

45.0 8 8 284 288 474 476 63 64 186 186

45h.0  8 8 36 40 82 84 15 16 38 38

45c.0  8 8 6197 6200 - - 321 322 1416 1416

45d.0  8 8 7929 7934 1654 1656 328 329 1478 1479

45e.0  8 8 3341 3346 - - 351 352 1441 1441
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Summary of Results : Nonlinear Least-Squares Methods

(number of function evaluations)

DeVilliers and Glasser Test Problems

G-N LXDEf. D12C LSQFDQ LSQSDN

a 42a.0  51' sit 18 19 29' 29' 73" 73" 60" 641

42b.0 611' - 48' 498 74" 74" 94' 940 758 75'

42c. 0  27' 27' 20' 20' 32' 32' 46' 46' 48' 48'

42d.0  24' 24' 15' 16' 23 24 27' 27' 27' 27'

43a. 0  23' 23' 14' 15' 31 32 33' 33' 25' 33'

43b.0 15" 20' 18' 18' 20 20 45' 45' 37' 45'

43c.0  24' 24' i1' li' 34' 41' 33' 33' 25' 33'

43d.0  18' 18' 22' 23' 17 17 38' 388 30' 38'

43e.0  31' 31' 12' 13' 28 29 27' 27' 19' 27'

43f.0 22 22 12 13 20 20 31 31 23 31

Dennis, Gay, and Vu Test Problems

G-N LOl 0126 LSQFDQ LSQSDI

44a.0  171 171 37 38 58 59 97 97 93 95

44b.0 5 5 5 6 7 7 10 10 6 10

44c.0  55 55 108 109 93 94 47 47 47 47

44d.0 35 35 98 99 97 98 40 40 40 40

44e.0 42 42 82 83 83 83 47 47 47 47

45&.°  171 171 47 48 65 66 97 97 93 95

45b.0  5 5 5 6 8 8 12 12 6 12

45c. 41 41 164 165 129 130 47 47 47 47

45d.0 35 35 144 145 168 168 42 42 42 42
45e.0 42 42 130 131 173 173 49 49 43 43

-- , , , i t I I I I I l
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S. Appendix: Numerical Results

In this section, numerical results are presented for a large set of test problems, using software

based on the unconstrained optimization techniques and methods for nonlinear least squares

problems discussed in Sections 2 and 3.

5.1 Sources and Presentation

The following is a list of the software sources that were used to obtain the results:

subroutine source problem type derivatives

DRIG/SURSOL PORT unconstrained first
UPSOL SOL / NAG unconstrained first

DNE/BNUSOL PORT unconstrained second

fIWA NPL / NAG unconstrained second

G-N uses SOL / NAG LSSOL least squares first

LXDR MINPACK least squares first
DN2G/IL2SOL PORT least squares first

LSQ1DQ NPL / NAG least squares first
LSQSDI NPL / NAG least squares second

ACM - Association for Computing Machinery

MINPACK - Argonne National Laboratory, U. S. A.
NAG Numerical Algorithms Group
NPL - National Physical Laboratory, England

PORT - PORT Mathematical Software Library, A. T. & T. Bell Laboratories, Inc.
SOL - Systems Optimization Laboratory, Stanford University

All of the programs were run in FORTRAN using double precision on the IBM 3081 and IBM

3033 computers at Stanford Linear Accelerator Center, for which

relative machine precision rf = 2.22... x 1 0-n: , = 1.49... x 10- .

In the tables, associated with the label 'e"t. err.', we include the quantity

12 +
;I'1 - lII ",,,1 ...)
S+ uI/-.,111 '

where f' is the value of f at the point of termination, and II ,11., is tk best available estimate

of the norm of the solution, in order to get some idea of the error in UlIP112. For those problems
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that have nonzero residuals, the value of 11fh.a1 12 is given to six figures of accuracy, rounded

down.

The following abbreviations are used in the headings of the tables:

est. err. - error e4timnte (.1.1)
eonv. termination conditions

The following abbreviations are used in the tables to describe conditions under wich the algorithm

terminates abnormally:

r LIM. - function evaluation limit reached
TIME - time limit exceeded
LOOP - subroutine appears to loop

For information on the test problems, see Section 5.9.

4
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5.2 Trust-Region Methods

(PORT/ACMX DMNH/HUSL and DNNG/SUMNSL)

5.2.1 Software and Algorithms

The results were obtained using subroutines DM111 and DMUG, which are double precision

versions of the ACMI algorithms KUMSL and SUNSL available in the PORT Library [1984]. A

subproblem of the form

mi~n gj!)=-kP + lPTIkp

subject to IIDkpII, :5

is solved at each iteration for the step pk to the next iterate, where Dk is a diagonal scaling

matrix, and Hk is the exact Hessian matrix at rk in DM111, and a quasi-Newton approximation

in DM1G (see Sections 2.3.2 and 2.4).

5.2.2 Parameters

Parameters were kept at their default values with the following exceptions:

IV(NIPCAL) - nin (9q99, 1000n) function evaluation limit
IV(MZITER) - min {9999, 10O01u) iteration limit

V(AFCTOL) - TOL2 (varied; qee tab]". ) absolute function convergence tolerance

V(RFCTOL) - TOL (A-aried; see tables) relative fitnction convergence tolerance
V ( SCTOL) - Irsingular convergence tolerance

V ( XCTOL) - TOL (varied; see tables) r~ convergence tolerance

V( IFTOL) - tfalse convergence tolerance
V( LMAXO) - nxsually 1.0 (defsault.) t initial trust-reginn diniveter

t In some cases the Aefault ICLIA1O) = 1.0 (or the iuit ial diameter of tlie trust-region was too
large and overflow occuirred doriuug friictinu evaluation. *rliene cases are indicated in the table
by giving the lower v'alue of V(LJIAXO) tlhat was srseunt ued to obtain floe resuits in flue
column labeled "init. dianu.".

See Dennis, Gay, and Welsch [1981a, 1981b]. Gay [1983], and PORT [1984] for details

concerning the parameters.
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5.2.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria:

objective function : k (= Ifkt )
objective gradient g& = V 'h (= JkTf )

current step pk, the minimizer of the . bprol-lem

Newton step pm H 1;- if lIk is positive definite;
In: ,defined otherwise.

Newton reduction P = { -Q(PM) if I/ it Positive definite;
O 0 otherwise.

predicted reduction : Pr = - Qk (Ph)

actual reduction : P. = T - Y'(r + rk)

maxl<,< {I(D(r -v))d}scaled distance : ,( ,) max,<<, {lr(nl+ l(Dy),I)

t Here ri denotes the ith component of the vector P. There is a provision for the user to replace
the function v; we used the default in all of the tests.

The convergence criteria used in DlI1 and DIG are as follows:

" Absolute function convergence occurs at r.t if

IThI < T(AFCTOL). (..I)

" Relative fnnction convergence is intended to approximate the condition

T, - T(*) < V(RFCTOL) i',I.

The test actually used is

PM < V(JFCTOL) IJr. (5.2.2)

r convergence is intended to approximate the condition

v Dk rr)<_V (ICTOL),

The test actually used is

Ph= Pt and P(Xk,.T +PkDS) _ V(XCTOL). (5.2.3)

a Singular convergence is intended to approximate the condition

J'k - min {"(v) I IID(u - rk)Il < V(LRAS)) < V(SCTOL) k ,l,

where Pt is the diagonal scaling matrix at the kth iterate. The test for singular convergence

is made only when none of the convergence criteria listed above holds. It is meant to indicate
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relative function convegence when the Hessian in the subproblem is singular.

The actual test is

&- mIn {k( ) I li(n-k )1 V(LNAXS)) < V(SCTOL)Y&,. (5.2.4)

Under certain conditions, the test (5.2.4) is repeated for a step of length (IMAS).

* False convergence is returned if none of the other criteria are satisfied and a trial step no

larger than (XFCTOL) is rejected. This usually indicates either an error in computing the

objective gradient, a discontinuity (in Jr or 9) near the current iterate, or that one or more of

the convergence tolerances (V(RFCTOL), V(XCTOL), and V(AFCTOL)) are too small relative

to the accuracy to which the objective is computed.

The test actually used is

Jr.- r(r + pk) <V(TIJIERI) pr and a'(:r,r + pk, I)) <V(XFOL). (.5.2.5)

where the parameter T(TUIINl) is adjustable, although in these tests the default value 0.1

is used throughout.

Except for (5.2.1), tests for convergence are performed only when

PA <_ 2pp. (.5.2.6)

See Dennis, Gay, and Wesch 11981a, 1981b), Gay [1983], and PORT [1984] for more dis-

cussion of the convergence criteria.

The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates:

^An.• (5.2.1)

nVL.. (5.2.2) and (5.2.6)
x - (5.2.3) anid (5.2.6)

x, P - (5.2.2) and (5.2.3) and (5.2.6)
q.Nn. - (5.2.4) and (5.2.6)
FALSE - (6.2.5) ,ond (5.2.6)
F LIM. -fnction evaluntion limit reached
TIMS - tine limit excededil
LOOP - nhroutine appestra to loop

The total number of Jacobian evaluations is either equal to the total number of iterations

of the method, or it is one more than the number of iterations. The number in the column

labeled "iters. / J evils." is followed by a "+" if an extra Jacobian evaluation was used in

the computation.
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Numerical RenIits for DlNG

i TOL iit. f I Ierq./ It'l12 111112 119112 llll

limn. evals. J erab. err.
1.0 2 2 10- 0 40 35+ 1.41 10-9 10-4 10-'o AVS.

10-12 42 37+ 1.41 10- 14  10- 14  10- 29 2

2.0 2 2 10- 8 12 10+ 11.4 10' 10-  10 "CL.. F
10-s2 12 10+ 11.4 10' t0-? 10 R,.. F

3.0  2 2 10-8 217 160+ 9.11 10-  10- 4  10- 16 AS.W
10-12 220 162+ 9.11 10- 2 10-T 10- 25 AS. ?

4.0 2 3 10 -A 66 11 10A 10- A  0 -  
10

- 1 x
10-"2 67 12+ 10e 10-11 10-A 10-2 x

5." 2 3 10 -8 16 14+ 3.04 I0"- 1  10-1°  10-22 AS. ?

10- 12 17 15+ 3.04 10- 14 10-13 10- 28 ASs. F

6. 2 10 10 -" 33 20+ .365 10-  10- 4  10- 6 mOL. F
1o-  34 21+ .365 10'-  10- T 10- 6 ,3.. .

7.0 3 3 I0 -A 28 23+ 1.00 1010 10-  10-19 Ass. •

10- 32 30 25+ 1.00 I- 14  10-5 10" ADS. I

8. 3 15 10- P 19 17+ 2.60 10 - 1 10 - 7 10 - 8 ROL.

10-  22 20 2.60 10-' 102 10-8 ROm. ,

9. 3 15 10- 4 8 5+ 1.08 104 10- " 1- 4  X. ROL. •
10- 12 12 9 1.08 10- 4  10- 17 10-14 OL.,

10. 3. 16 10- 6 465 325+ 10'. 0 . . to 10 - 6 Rm,. ,

IV
- 12  467 32T 104 10' 10''  IO- 6 ROL. r

11.0 3 10 10
-A 4 3+ 5.66 10-' 10- 6 10- 2 Na.. r

10-12 327 267+ 55.9 10-'S  10- '2 10- " ASS. V

12. 0  3 10 10- 8 43 34+ 10.1 10- 9 10-10 10 - e  AS. I

10- 12 45 36+ 10.1 10- 14  10-" 10 -  AS. p

13.0 4 4 10- 4 62 61+ 10- 4  10-8 10- 9 10- 18 ASS. r

10- 12 89 88+ 10-" 10- 12 10- it  10- 24  ASS.,

14.0  4 6 10-6 100 78+ 2.00 1 0 A I0- I0' 6  
ASS. 1

10- "2 102 80+ 2.00 10- 1  10- 11  10-24 ASS. F

15. 4 11 10- 35 31+ .328 10-2 1o-M 10-9 Pr.. v
10- 12 .36 32+ .328 10- 2 10-1 10- * RO.,F

16. 4 20 10 -A 46 34+ 17.6 102 10-2 1 0 -R P.L..

10- 1" 47 35+ 17.6 102 10- 5 10-8 33L. .

17. 5 33 I0-6 69 55+ 2.46 10 - 2 10 - 3 10 -11 P•.FIL

10- 12 72 58+ 2.46 10-2 10- * 10- 11 " OL. 7

1.0 6 13 10-R 45 41+ 18.7 10-  0-  I0 a1 .r
I0- 12 47 43+ 18.7 10 - ' 10-'o 10-2 ROL, F

19. 11 .5 10- s  69 58+ 9.38 10'-  10- ' 10 - 8 R3L..F
10- 12 72 614. 9.38 10- ' 10-  10-

6 AOL. ?
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Numierical Reqcst. for DRNG

In TOL illi. f it'pi-.f llt112 1111112 119*112 "' CewtV.
diam. evais. J evals. err'.

20a. 6 31 10Oa 35 32+ 2.44 10-2 10" 10'1( PtL. I
10-12 37 34+ 2.44 10-2 10- 10'1

20h,. q 31 10-8 76 694 6.06 10- 1V"'' 10-13~.
to-12 T9 74 6.06 10-3 10-11 10-13 EL

20c. 12 31 10-8 89 85+ 1.28 10-' 10-9 10-4 I~.

10-12 148 143 2.87 10-' IV-' 10P EL

20d. 20 31 10-6 110 107+ 1.0 lo0f to-] 10-12 x
10- 12 134 119 1.06 to 101 10-13' A~

21a. 0  10 10 10-8 120 98+ 3.16 10" 10-7 10-17 AD.
112125 103+ 3.16 10"S 10.12 10-27 x

21b.0  20 20 10-" 189 148+ 4.47 10-9  10-1 10-17
10-12 193 152+ 4.47 l0VI 10" 10-2& ADS. I_

22a. 0  12 12 10-6 143 131+ 10-4 10-a 10" 10-1 ADS. I
10-12 23.5 219+ 10-6 10.12 10-17 1l-2 AD..

22b."' 20 20 IV* 187 153+ 10-4 to-* 10' 1011 £..,

t1012 344 311+ 10-6 10-11 10-1 10-2 ADS.I

23a. 4 5 10-8 77 57+ .500 10' 10-10 101II art., F
11278 58+ .500 10' -' 0" io' L. 0

23b. 10 11 10-8 80 67+ .500 icr 2  10-9 10-11 am

11281 68+ .500 10-2 10", 101 09L. F
24a. 4 8 IV* 364 270+ .7,69 IVr' IV, 10-' FR.

10-1 2  472 355+ .759 10-3 10-1 101 a3F

24b. 10 20 10-8 475 367+ .60 10-2 10'5 10-M 'u.

10-12 632 510+ .598 10-2 10-9 109 ac.. F
25R.0D 10 12 IV" 20 19+ 3.16 10-12 J0.1 1023 ADS. I

10- 12 21 20+ 3.16 0.00 0.00 0-00 x

2511.0  20 22 IV' 25 24+ 4.47 10-9 10V' 10-17 A-S P

11226 25+ 4.47 10"* 1"" IV" ADS. I

26R.0  10 10 10- 34 32+ .328 10-2 to0' 10-6 MrL?
10-12 37 35+ .328 10-' 10-10 10-5 %RL. F

26h.0  20 20 10' 62 59+ .231 icr' 10-* 105 PWm.T
10-12 65 62 .231 10-3 lO"I 10F a BL. P

271%.0  10 10 . IV 13 11+ 3.16 1 0_ a cr 10'7 IV" Ap. ip
13216 14+ 3.16 10-12 icr" 10-24 a

27b. 0  20 20 IV' 15 12+ -1.47 to-, 10-7 10-' ift

1 0 -2  1 8 1 5 + 4 .4 7 1 0 - ' 3 1 V ' 2 10 -2 .' A D -p
28a.0  10 10 10-4 31 25+ .412 109 to-p, io-la £N5.

10-12 34 28+ .412 10-' 4  10-14 icr' £35AD. P

28b.0  20 20 IV*' 60 48+ .571 to-* 10-a 10V" ADS

10-12 64 52+ .571 10-1" 10 102 JV A$+F
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!Nnierical Iemilt, for DRNG

, "I TOL ii,. f I I'rII 111112 II 112 + C.

di l-. em~Is .J 'v ls. err.

29A." I0 10 10 -  8 7+ .412 I0- 0 10- O I0 -' , Ak% F
ic10 2  10 9+ .412 10" 0 -i" 10-21 ,.

29b.n 20 20 10-8 8 7+ .571 10-
9 10 -

9 i0- i  
AOf

10-12 10 9 .571 10 -I3 10- 18 10-25 A3S. F

3O.' 10 10 10-" 51 .39+  2.05 10" 10- - 10- '% 1
10-I 2  57 45+ 2.05 10- 13 10- 12 10-29 i

30b.0 20 20 In0-  65 45+ 3.04 10" 10- 10- 7  
AVS. F

10-12 88 61+ 3.04 10- 12 10- 1  10-24 -As F

31." 10 10 10- 4 46 26+ 1.80 10- 8 10 0-18 AVIS P
10- 12 60 35+ 1.80 10- Ir0- 12  

10 -2 £3A.

31b.0 20 20 10-  47 26+ 2.66 10-i 10- 7  10-16 AS. P

10-12 63 36 2.66 10 - 12 10- 1" 10-23 ,

32.L 10 20 10 - 4 6 4 3.16 1op 10- '6 0.00 111.. I
10- I7 6 4 3.16 10P 10- 'o 0.00 x. L. F

33.L 10 20 10- 8 4 2 1.46 1P 10" 10 - ' x. acL. .

10- 12  4 2 1.46 1op 10" * 10- 6 x. as.. ,

34." 10 20 W0- 3 5 3 1.78 lop 10- 12 10 - 6 R. Is53. F
5 3 1.78 1W In - 1 2 10- 6 . 33s. F

35A. 8 8 10-s 34 24 1.6.5 10 -  I0 -c 10- 9 RIM. F
10-12 38 27+ 1.65 10 - ' 10" 10-  R&L. F

3Sb.0 9 9 10-  44 32+ 1.73 10- ' 10-  10- 1 ASP. .
10- i2 46 34+ 1.73 10- 32 10- 12  10-24 Aug. F

35c. 10 10 10-a 41 31+ 1.81 10- 1 10-6 10- 3 Re.. F
10-12 45 .c+ 1.81 10- !  10- 4 lO- S  aM. F

36R.0 4 4 10- 1' (4000) (2891) 17.0 10" '  10- 6 10-1 ,,

10-12 (4000) (291) 17.0 10- 6 10-" 10-i ,

3Sb.0 9 9 10- 4 (9000) (6426) 228. I0- 4  10-7 10-12 P

10-12 (9000) (6126) 22A. in" 10- 7  i0- 1 P 1...

36c." 9 9 10- 4 69 6.1+ 1.73 1 0  I - 9 10-
1' AN$.

10-12 101 .w4+ 1.73 10- 17 In0- 1 10-24 ADS. F

36d.0 9 9 10-N (9000) (648) 228. in - I 10- 7  10- 12  F ,.
10-12 (9000) (6.19f) 228. Ic -  10-  10-12 ,

37. 2 16 In0-  22 10+ 9.0.5 IO' 10" i0- 1 3,,.. P
10-12 22 10+ 9.05 10, 10- ' 10 - 1 s..

38. 3 l6 I0' 31 17+ 26.1 10' 10-1 10-6 33,. F

10- !2 32 18+ 26.1 10 1 0-' 6 1 -  
1.. P

43



Numerical Resnlts for DMN

, ft TOLin.;it. ext onv. I/ I'I
f 'ter"/ . 11 I1*112 11f112 119*112 R

diamn. evals. J evid. err.

39a. 2 3 10 - 6 9 8+ 10 -
01 101 10-  10-7

10-12 11 10+ 10 - 6 10 - 1 101 10 - 7  
riL. ,

39b. 2 3 10-6 9 8+ 10- 7  101 10-' 10- 7  NF. 
10- 12 10 9+ 10- 7 10-1 10- 9 10- 7 NzL v

39c. 2 3 10- 8 6 5+  10- 10-' 10-T 10-' NL. V

10- 12 7 6+ I0 - 7  I0- 1 1-12 10- 7  L. P

39d. 2 3 10- 6 8 6+ 10-  10-1 10-  10- 7  CL. P -

10-12 9 7+ 10-  10-  10-  10- 7  NFL. F

39e. 2 3 10-s 11 8+ 10- 7  10- 1 10 10 - 7  
NL F

10 -  12 9+ 10- 8  10-
1 10-8 10 -  

ME. T

39f. 2 3 10-a 11 8+ 10- 9 10-1 1o - A  10- 7  NFL. F
I0-12 11 8+ 10-9 10- 1 10-A 10- 7  NIL. 7

39g. 2 3 10-s 17 13+ 10-' 10 " 1 10-6 10- 7  NsL. P

10 - I  18 14+ 0 1 0- 1 0- 1 0 - a..,
40a. 3 4 10- 0 11 1o+ 10- 6  10°  10-4 10- 7  NFL.

10-12 12 11+ 10 I0°  10- ' °  10-7 NL. I
40b. 3 4 10- 8 10 9+ 10-6 10 0 10 10- 7  M..,

10-12 12 11+ 10- 6 10 10- 10 to- ? ME.. ,

40c. 3 4 10-  9 7+ 10 - 7 I0P 10- 7  10- 7 MEL. F
10-12 10 8+ 10- 7  100 10- 1' 10- 7 aML. I

40d. 3 4 10- 8 10 7+ 10 - 7  100 10-' 10-' NL. P

10-12 11 8+ 10-  10 10 -i' 10- 7  RRL. V
40c. 3 4 10-' 11 8+ 10-- 100 11 10- 7  *L. F

10-12 13 10+ 10- 7  100 10 -' 10- 7 ,r,.

40f. 3 4 10-' 14 11+ 10-  100 10 - S  10- ' MEL. IF

10-12 16 13+ 10 -  10 10-8 10- 7  as,. p

40g. 3 4 10- 6 18 14+ 10-'1 10 I0 - 4 10- 7  
NIL. ?

1O- 2 20 16+ 10-9 lop 1o' 10- 7  ML. P

41a. 5 10 10- 6 11 8+ 10 - 6 100 10 - 6 10- 7  
NL. 1

10-12 13 10+ 10- 1 10f 10 1 0 .-7 a .
41b. 5 10 10- ' 11 8+ 10 -6 10P 10-4 -ol, .

13 10+ 10 -  10 10 -  10 -  
NIL. F

41c. 5 10 10- 8 13 9+ 10 - 1 lop 10- N 10- 7  NFL. T
10 - 2 14 10+ 10- 4 10) 10- , 10- 7  NL. F

41d. 5 10 10- 8 17 12+ 10- 5 0P 10-  1 - o N ,p
10-12 20 15+ 101 10 4 10- 7  NIL. p

41e. 5 10 10- 8 24 20+ 10 - 6  10 10- ' 10- ' N.?,
l0 - I 2 26 22 +  10-7 0 I0 -1 10- i NL.

41f. 5 10 10- 6 27 22+ 10- 4 100 10-
4 10- 7  

N3L. V

10 - 12 31 26+ 10- 7  0O !0-  10- ' ML. N.

41g. 5 10 10 1 32 26+ 10- 6 l" P 10 - 4  10- 7  NLL r

10 " 2 35 29+ 10 - 100 10 -A 10 -' N .
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Numerical Result. for DREG

- m TO0. init. f it,.r%/ I1frit Ill, 112 ql ,t. ron...
diam. evals. J evils. err.

421.* 4 24 10- * 53 41+ 60.8 10- 4 j0 - O ,O- 14 x
10-12 56 43+ 60.8 10- 1s 0"- , I0-25 x

42b.0  4 24 10 -  0.9 103 69 6 61.9 10- 1 10- 1 10 - 20 x
10-12 0.9 104 70+ 61.9 10- "1  10- 10 10-21 a

42c.0  4 24 10 - 4 76 52+ 60.3 10- 9 10 -  10-17 -

w 1012 78 54+ 60.3 10' 10-" 10-26
42d." 4 24 10 -" 61 48+ 60.3 10' 10-  

1 0
- 1  x

10-12 64 51+ 60.3 10- 12 10-10 10- 24

43a.0 .5 16 10- 8 49 34+ 54.0 10- 9 10 - 7  10- 16  z
10- 12 51 36+ 54.0 10 - 12  10 - 10 10-24 x

43b." .5 16 10 - 4 58 37+ 54.0 10- " I0- " 10- s x
10-12 60 39+ 54.0 10- 14 10-12 10 - 27

43c.0  5 16 10-8 41 29+ 54.0 10- ' 10 - 6 10
10 - 12 44 32+ %4.0 10-i' 10- 10- s  x

43d.0  5 1 10 -  57 44+ 54.0 10- 9 10- 7 10-1? As, V

10-12 60 47+ 54.0 10- '3 10- 1  10 - 2
43e.0 5 16 10-8 51 41+ 54.0 10 - * 10 -  10 - " x

10-12 53 43+ 54.0 10 - 14  10- 11 10 - 2? z

43f.0  5 16 10- 6 45 36+ 54.0 10" 10-  10 - ' 4
10 " 1

2 48 39+ 54.0 10- ' s  10- '0 10-n
44a.0 6 6 10-6 441 341+ 4.03 10-  I0 "r i0 -10 AD,. 7

10-12 444 344+ 4.03 10 - 12 10-11 10- 2 A:S

44b.0  6 6 10-8 31 24+ 3.52 10- ' 10-8 10- 1% x
10-12 34 27+ 3.52 10-' 4  10- '2 10-26 x

44c.0  6 6 10-  3726 2748+ 20.6 10-  10- ' 10- ' 6 ,.,
10-12 3731 2753+ 20.6 10- '2 10-i 10_2 AS. F

44d.0  A 6 10-  2752 1928+ 15.3 10-1 10 10-2 Sm. V

10-12 3865 2915+ 15.3 10 - 12 10-9 10- 2 4  •
44e.0  6 6 10-  2104 1550+ 12.3 10-' 10' 10-  .

10-
12 2813 20q8+ 9.27 10- 's  10- " i0 -  S. 

45a.0 8 8 I0-  284 227+ 4.06 10 - 4 10- 7 10 - a  S.
10-12 288 231+ 4.06 10- 12 10- 11 10- 2

A AS$. F

45b.0  8 8 10 - 4 36 28+ 3.56 10- 0 10- 7 1o-  
AS.

10 - 12  40 32+ 3.56 10- 11 10- 12  10 - 26

45c.0  8 8 10- 6197 45.38+ 20.6 10-4 10- 4 1 0 -A 431. V

10 - 12 6200 4541+ 20.6 10 - 12 10- 9 10- 2 4

* 45d.0  8 8 I0 -  7929 5976+ 15.3 10 -l 10- 5 10-16 *.V

7934 5981+ 15.3 10D 10 -
.1023 AS •

45e.0 8 8 10'-  3341 2511+ 9.31 10- 9 10- 7 10- ? A... ,
10 - 1 2  3346 2517+ 9.31 I0 - i  10-1 I0 - 2 3 As. F

4.1
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Nunerical lRmIltg for DIME

a m TOL init. I iter%. II Of 11 112 II1 IIC,
,]lhm. ev'as. J ealq. err.

1.0 2 2 10-  32 21+ 1.,11 0 -1 4  10 10- 2 A ,
10 - 12  32 24+ 1.41 10- 14 i0- i 2 10-20 AD,.

2.0 2 2 10-4 10 7+ 11.11 10' 10 - I  10 MEL. T
10- 12 10 7+ 11.1 to 10- 1 10t  aML. r

3.0 2 2 10-  130 101+ 9.11 10- 9 t0 -  10"- 1  AVI. 7

10-12 132 103+ 9.11 10- 16 10- 11 10- 31 ASS. F
4.0 2 3 10- 4 22 10+ 10 10- I 10- 5 10-22

1 - 12  23 I1+ 10 10-22 10- 22  10- 44

.0 2 3 10- 8 11 8+ 3.04 10-10 10- 10  10-20 ADS.

10-12 12 9+ 3.04 10
°O'- 10° °0 10 ASS. F

6. 2 10 10-  11 10+ .36.5 10' t0-  10-6 put. F
10- 12  11 10+ .365 10 10-

9 10-6 MEL. .
7.0 3 3 10-  16 12+ 1.00 10- 4 10- a  10- 17  

£. P

10-12 17 13+ 1.00 10
- 16 10- 16 10- 3$ ASS.

8. 3 15 10- 8 9 8+ 2.60 10-1 101 10- R OWL. F
10- 12  10 9 2.60 10-1 10- 12 10'-  a .. •

9. 3 15 10-s 4 3+  1.08 j0-4 10- 16 10-14 X. MEL. F
10-12 4 3+ 1.08 10 - 4  10- 16 10 - 14 s.. F

10. 3 16 10-a 387 244+ 10' !0. 1 !0 -  10 - 6 ,,L. P
388 24.5 t0 10' 10- 1 10".6  MEL. ,

11.0 3 10 10-s 290 167+ 55.9 10- 9 10- 9 10- 18 ASS. P
10- 12  292 169+ .55.9 10-I1 10- i 6 10- 3 ASS.,

12.n 3 10 10- s  24 19+ 10.1 10- 1$  I0- 13 10-  Ass. ,

10
-  24 19+ 10.1 I0- 13 10-18 10- 2 ASS. P

13.0 4 4 10- 6 27 26+ 10- 4  10- s  10- 12 10-16 As. P

10-12 38 37+ 0 "6 10-12 10- 17  10-24 ASs. P

14.0 4 6 10 -  42 32+ 2.00 10-12 10- 11 10-24 ASSP

49 38+ 2.00 0.00 0.00 0.00 Ams. V

15. 4 11 10-8 11 8+ .328 10- 2  10- 1s 10- ' ML. F
10 - 12  12 9 .328 10 - 2 10

- fS 10- P ,. F

16. 4 20 10- 9 11 9+ 17.6 102 10- 6 10-  PL. 7

10 - 12 13 11 17.6 102 10- 11 I0 - 4 '. ,E0. 7

17. 5 33 10- 8 0.2 46 32 +  2.164 10 -2 10-1 I0-1 ,RL. ,
10-12 0.2 47 33+ 2.16 10- 2 10- 12 10- 11 MEL. T

18.0 6 13 10- 0 (6000) (1824+) 283. 10-' 10'-  10- 1 P L.
* 10 - 12 (6000) (1820+) 27.5. 10-  10-  10-  F ,-,

19. It 65 10- 6 23 17 "  9.38 t0-  10- 9 10-  OWL. F
10-12 24 18+ 9.38 10- 1 10-10 10 -  

EL.
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NumericMl Resulk fier DNNH

III TOL init. f' iter./ I."'N 111"112 1 Ih 112 '-t .
diam. cv4mi. J evals. err.

20a. 6 31 10-8 15 14 2.44 10 - 2 1I - 13 10- 10 I. P L V
15 14 2.44 10-2 10-  10-1°  . Rwt •

20b. 9 31 10-s  20 16+ 6.06 10- 1 10- 12 10- 13 O.L F

10- 12 22 18 6.06 10-3 10- 14  10- 1" X. OeL. F

20c. 12 31 10- s  24 19 16.6 I0 10 -  10-" 5. O,,. T
10- 12 24 19 16.6 10- 6 10-'" 10- 14 1. EL F

2Od. 20 31 10-" 50 26+ 1.10 10- 4 10- l3 10-1 i. F

10-12 (149) (55+) 1.16 10- ' 10-'X 10-' LOOP

21a.n  10 10 10- 8 25 22+ 3.16 10- 9  10- * J0-  Ani. F,

10- 12 26 23+ 3.16 10- '1 10 1 - n  
ADS. F

21b.0 20 20 10- 6 27 23+ 4.47 10
- 14  10- 12 10-2A Any. F

10- 12 27 23+ 4.47 10- 14  10-"8 10-26 ADs. F

22a.0 12 12 10- 6 28 27+ 10- 1 !0-  10 - 12 0 - 1 An. F

10 - 12 40 39+ 10- i 10-12 10- 11 10-24 ASs. F

22b.0 20 20 10- s  29 28+ 10- 4  10 - 8 10- 12  10- 7 At..
I0-12 40 39+ 10-' 10- 2  10- 11 10-24 AS. F

23a. 4 5 10-6 42 36+ .500 10-3 10 - 12 10 - 10 ft,. F

10 - 32 43 37 .500 10-  10-12 10-10 OWL. .

23b. 10 11 10-8 44 37+ .500 10- 2  10 - 9 10- 11  L.F
10- I12 45 38+ .500 10-2 10-1  10 I  Ami.

24a. 4 8 10- 8 126 110+ .759 10- 3 10- 7  10- 11 mmL. F
10- 12 128 112+ .759 10 - 3 10- "3 10- 11 am,. •

24b. 10 20 10- 8 158 106+ .598 10-2 10- 7  10 - ' Awl.
10 12  162 110 .598 10-2 10- 16  10- 9 X. Am.. IF

25a.0 10 12 10- 6 15 14+ 3.16 10 - '* 10-"2 10-26 ADS.
10-12 15 14+ 3.16 10- '2 10-2 10-2 ADS. F

25b.0 20 22 10-s 18 17+ 4.47 10- 'o 10- 8 10-2°  ADS.

10-12 19 18 4.47 10- " 10 - '3 10
- s  x

26a.0  10 10 10-s  11 9+ .328 10-2 10- 11 10- 5 ,F.' , p
10- 12 12 10 .328 10- 2 10"-  O 10" NFL. F

26b.0 20 20 10 - 8 20 16 .228 10 - s 10- " I -  a. art- F
10-12 20 16 .228 10-  10- ' 10-  X. ML. F

27a.0  10 10 10- 4 9 7+ 3.16 10 -n 10-'f 10- 21 Al, F a

10-11 10 8+ 3.16 !0-12% 10-4 t - " ASS. F

27b.0 20 20 10- 8 11 9+ 4.47 10-0 0 10 -  ny. F

10-12 12 11+ 4.47 10- 14  10- 2  10-27 AM. F

28a. 0  10 10 10- ' 4 3+ .412 10-12 10- $ 10- 24  aDs. r
10-12 4 3+ .412 10- 12  10-  10- 24  ADS. F

28b.) 20 20 10-6 4 3+ .571 10- "3 10- 11 10- 25 AS F

10- 12 4 3+ .571 10- 13 10- 11 10- 25 ADS. F
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Numerical IResults for DNNH

i TOL init. f itMT./ 11-'ll 11112 Il1l1 "t. ,..

diam. evals. J evals. err.

29s.0 10 10 10-O 4 3+ .112 10-' ° 10 - nO 10- 20 A.

10 - 12 5 4+ .412 10- ' 6  10- '6  10-32 ADS. V

29b.0 20 20 10-  4 3+ .571 10- 'o 10 - '°  10 - 2 AS V

10-12 5 4+ .571 10- '6 10- '6  10- 2  
AS. V

30a. n  10 10 10 - 4  6 5+ 2.05 10- 6 10- 4  10 - 17 ADSs V

10-12 7 6+ 2.05 10- 'a 10- 1s 10- 31 ADS. V

30b.0 20 20 10- * 6 5+  3.04 10- 8 10- 8 10-17 AB, F

i0-32 7 6+ 3.04 10- ' s  I0 - ' s  10- 3" ADS. F

31a.0 10 10 10- 4  9 8+ 1.80 10- 3 10- 2 10- 29 ASS. ,
10- 12 9 8+ 1.80 10 - 13 10-12 10

- 's ADS. F

31b.0 20 20 10 -4 9 8+ 1.80 10- 12 10- 12 10 £AS. F

10- 12  9 8+ 1.80 10- 13 10-12 10-"6 ADS.

32." 10 20 10- 8 6 4 3.16 100 10- S2 0.00 K. 3. .,

10-12 6 4 3.16 Iop 10- S2 0.00 . ..

33." 10 20 10- * 5 4 1.,16 100 10- 11 10-  tilde.
10- 12 5 4 1.46 10P 10-"' 10-6 swo.

34. 10 20 10-s 6 5 1.78 l0P 10- 1 10-6 .o.

iO- 12 6 5 1.78 10P 10- 1 10-6 si.

35a. 8 8 10- 8 14 11 1.65 10-1 10- 9 10" 9 x. 3L.
10- 12 14 11 1.65 10- ' 10- ' 10-  

335.. F

35b.0 9 9 10- M 17 12+ 1.73 10- ' 10- 8 10- ' 7  ADS. ?
10-12 18 13+ 1.73 10-15 10- 14 102 ADS,. F

35c. 10 10 10-s 19 11+ 1.76 10-1 10-* 10- ' 331. F
iO

- 1
2 20 12 1.76 10-1 10-' 10-' 331.. F

36a.0 4 4 10- 8 (4000) (2190) 17.8 10- 6 10- 6 10- 7 , Lim.

10-12 (4000) (2190) 17.8 10- s  10-  10-12 , LIM.

36b.0  9 9 10- s  (1832) (611) 9.15 10- s  10- 9 10- 9 TrMs

10-12 (1881) (62.5) 9.24 10- s  10- s  10-' TIM?

36c.0  9 9 10- * 31 30+ 1.73 10- 1 10- 10 10- 17 £1.

10-"2 35 33+ 1.73 10- s 10- 'o 10- 2 &PO. F

36d. 0  9 9 I0-O (1900) (638) 9.38 10- s  10- 8 10-' TM

10- 12 (1859) (627) 9.32 10- l 10- 5 10-"  
Tf

37. 2 16 10- 6 16 7+ 9.05 101 10 10 0 1 ME- . f
10-12 17 8 9.05 101 10- 7 10-1 MEL. F

38. 3 16 10- 8 14 8+ 26.1 10' 10-30 10- 1 MEL. F
10 - 12  14 8+ 26.1 10 10-10 10-  

331. F
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Numerical Results for DIINH

. TOL init. f item./ lr ,17 111*112 11g112 C o.

diam. evals. J evi.. err.

39a. 2 3 10- 6 4 3+ 10- f 10- ' 10-"T 10- ' , . I
I0-12 4 3+ I0 A 10-1 I0- 11 10-  ..

39b. 2 3 10-8 4 3+ 10- 7 10-' 10- 11 10- 7  .

1012 4 3+ 10-  10- 1 10- 11 10-' NF.,.

39c. 2 3 10- s  4 3+ 10- 7  10- 1 10- 13 10- 7 mw. p

10-12 5 4 10- 7  10- 1  10- 12 10- 7

39d. 2 3 10- 4 6 5+ 10- 7  10- 1 10- 4 10- 7 N.. F

10 - 12 6 5+ 10- 7 10- 1 10- 1 10- 7 
331. F

39e. 2 3 10- 6 8 7+ 10- 8 10-1 10- 11 10- 7 NF. ,
10 - 12 8 7+ 10- 8  10- 1 10- 14  10- T 3.. I

39f. 2 3 10-  11 10 10-9 10-1 10-9 10- 7  xn.

10- 2 I1 10 10- 9  10-1 10 -4 10- 7  3L3. 7

39g. 2 3 10- 8 13 12+ 10- 10 10- 1 10- 0 10- T NEt.

10- 12 14 13 10-19 I0-1 10-1 10- 7 331.. F

40a. 2 3 10- s  4 3+ 10-6 10- -l 0-  10- 7 OWL.,

10-12 4 3+ 10- 4 10-1 10- "3 10- 7 331 •

40b. 3 4 10- 8 4 3+ 10-6 10" 10- 10 10- 7  NmF. ,
10-12 5 4 10- 6 100 10- 10 10- 7  336. F

40c. 3 4 10- 6 5 4+ 10-  10 10-i1 10- 7  AS,. f

3140-  5 4+ 10- 7  I0°  10- 12 10- 7 R1. F

40d. 3 4 10-8 5 4+ 10- ? IOP 10- 8 10-7  33L. F
10- 32  6 5+ 10- , 16" 10- '6 10-  .L.- I

40c. 3 4 10- s  7 6+ 10- 7  100 10-
8 10

-  
331,. F

10- 12 7 6+ 10- 1 10n  I0-  10-? OL.F

40f. 3 4 10- 8 10 9+ 10- 6 0 10- II  10- 7  Rt' 710-12 10 9+ 10- 11 lo 10- 11 10- 1 •

40g. 3 4 10- 8 13 124. !0-9. lop 10- 1f, 10- 7  act- •
I0-12 13 12+ i0-0 l0 10- ha  10- 7  331.. F

41a. 5 10 10- 4 3 104 U 10- 9 10- T 33..,

10-12 4 3 10-' 10n  10-9 10- 7  M.. F

41b. .5 10 10-  4 3+ 0-  10 0- 1 10- 7 331. •
1O-12 4 3. 10-1 10 10-'. 10- 7  331. F

41c. 5 10 10- 8 8 3+ 10- ' 10 10-  10 -  
3,1. 1

10-  8 74 10-  f 10 10- 12 10- 7 -. F

1012 8 7+ 1o0 i0 02 0 33.4

41d. .5 10 10-  8 7+ 10- ( Ip 10-  10- 7 3.. F
10- 12 9 8+ 10-" 1I 0- 11 10-7  33. F

41e. .5 10 10-8 11 I0+  10- 7  10°  10- 10 10- -, NFL.

10-12 12 11 10- 1 10" 10- 10 10- 7  3a... #

41f. 1 10 10-8 14 13 10- 7  I0 10-11 10- 7  31.. F

10-12 14 13 10- 7  l0 10- 11 10- 7  AR.. I

41g. .5 10 10-s  17 164  10-1 10 10- 12 10-  .3C. F

10- 12 17 16+ 10-' Io 10- 12 10- 7 33. F
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Numerical Reslults for DNNH

" I TOL init. f itr%./ ll 112 ll 112 1 112 ll ' l lt

diam. evals. J eval. err.

42a. 0  4 24 10- * 28 20+ 60.8 10- 12 10 - 10 10- 2h

10-12 28 20+ 60.8 10- 1" 10-o 10- 26 ABC. F

42b.0  4 24 10-8 35 26+ 61.9 I0- 0 10- 4 10-21 ASS. F

10-12 36 27+ 61.9 10- 12  10- 11 10-2 s  x

42c.0  4 24 10-6 30 22+ 60.3 10- 12 10- 1 1 I0- 23 A S F

10-12 31 23+ 60.3 10-'s 10- 'n  10- 2" x

42d.0 4 24 10-  30 21+ 60.3 10-'4  10 -11 10-27 x
10-12 30 21+ 60.3 10- 14  10 - 11 10-27 ASS ,

43a.0  5 16 10- 4 22 16+ 54.0 10- 14  10- 11  10- 27 x

10-12 22 16+ 54.0 10- " 10- ' 10-27 AsS F

43b.0  5 16 10- 4 26 20+  54.0 10-' 10
-A 10-

17 ASS F

10-12 27 21+ 54.0 10- 14  10- 12 10- 2  ASS. F

43c.0 5 16 10- 6 21 17+ 54.0 10- IS  10-"1  10- 26 x
10-12 21 17+ 54.0 10- 13 10 - 1 10-26 ASS. F

43d.0 5 16 10- 8 0.9 27 18+ 54.0 10- 9 10- 7 10- 18 AsS. F

10- 12 0.9 28 19+ 54.0 10- 14  10"- I  10-27 ADS, F

43e.0  5 16 10-8 0.9 28 20+ 54.0 10-'° 10 -  10-2 ASS. F

10-12 0.9 29 21+ 54.0 I0- 14  10-12 10-28 ADS F

43f.0  5 16 10- s  17 14+ 54.0 10- 9  10- 7 10 - ' Ass.
10-12 18 15+ 54.0 10- 14 10- 12 10-24 ASS. T

44a.0 6 6 10-4 179 150+ 4.03 10-" 10 10- 2  
ASS. T

10- 12  180 151+ 4.03 10 -1A I0- 13 10- 3 An$ F

44b." 6 6 10-8 9 7+ 3.52 10-'o 10-" 10-"9 ASs. •
10-12 10 8+ 3.52 I0-" 10-'2 10- " Ass. F

44c.0  6 6 10-8 194 179+ 20.6 10- 10 10-7 10- 20 ASs ,

10-1 2  195 180+ 20.6 10- 11 10- 1 10-29 ADS. T
44d.0 6 6 I0-s 187 179+ 15.3 10- 0 - I0- 17 AS. T

10-J2 188 180+ 15.3 10- 14  10-i0 10- 27 ASS. F

44e.0 6 6 10- 1 219 210 +  9.27 10- A 1  0
- 1  

ASS. F

10-12 220 211+ 9.27 10- '3 10 -'" 10- 2
'  

AS. F

45R.0 8 8 10- 4 63 49+ 4.06 i0-A 10- A 10- '  
AP4 F

10- 12 64 .50+ 4.06 10
- 12 10

- 2  
ASS

45b.0  8 8 I0-A 15 11+ .1.56 l0-l 10- 7 10- I'  
ASS. r

10- 12 16 12+ 3..56 10- 15 10- 14  10- 3A ASs. F

45c.0  8 8 10 -8 321 300+ 20.6 10i'r !0- I 10's A". F

10 - 12 322 301+ 20.6 10- 14 10- t0 10-21 ASS. F

45d.0 8 8 10-8 328 292+ 1.5.3 10-" 10-7 10- 21 ASS. F

10-12 329 293+ 1.5.3 10 -1A I0- 13 I0- 31 ASS F

45e.0  8 8 10- 8 351 288+ 9.31 10- " 10-9 10- 23 ADS.

10-2 352 289+ 9.31 10- 15 10 - 12 10- 29 AS. F
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5.3 Quasi-Newton (BFGS) Linesearch Method

(SOL/NAG IPSOL)

5.3.1 Software and Algorithm

The results were obtained using subroutine IPSOL from the Systems Optimization Lab-

oratory (SOL), Stanford University, also available in the NAG Library. In IPSOL a search

direction is determined at each iteration from a subproblem of the form

r mn T +1 'rr

PC*. & 2 p.

where the Hessian matrix li, is calculated using the RFGS method initialized with I (see Sec-

tion 2.4.2). This is followed by a linesearch that uses both function and gradient information

to obtain a steplength along the search direction [Gill et al. (1979).

5.3.2 Parameters

Parameters were kept at their default values with the following exceptions t

Infinite Bound Size - 1020
Infinite Step Size - 1020
Iteration Limit lO000t

Optinality Toleraztce varied; see tables
Step Limit - usually 2.0 (default)

t In those cases (Problems 44c.. d. (n = ni = 6) and 45c., e. (n = m = 8) in which the
iteration limit was actually reached, the resnlls lisi d in the tables are taken from first iteration
in which the nimber or function evaulation, reaches or exceed. low"0.

In some cases the defanlt Step Limit = 2.0 was Ion large aI overflow occured during function
evalnation in the linesearch. The.e cnses are indicated in the table% by giving the lower value of
Step Litit that was subsequently used to obtain tie results in the column labeled "Step Lim".

See Gill et al. [1986] for details concerning the parameters

5.3.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria:

objective function : r, (= I 11lk)
objective gradient : = 1 (= JTJ)

optimality tolerance : t
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The sequence of iterates generated by IPSOL is judged to have converged if the following

two conditions hold:

O-II2,II -< ,v ' +IIII(...1

and

I1D2:, Vgl ;7(1 + MX {(1 + JI'&i)Ilqkl 2)) (5.3.2)

or if

119;2 { (1 + max ((I + IT,1). ll9k 112)). (.5.3.3)

Condition (5.3.1) is meant to ensure that the sequence {&rk) has converged, while conditions

(5.3.2) and (5.3.3) are intended to test whether the requirement that the gradient vanish is

approximately satisfied at rk. Condition (.5.3.3) allows IPSOL to accept a point as a local

mimimum if a more restrictive test on the necessary condition than (5.3.2) is satisfied, but

condition (15.3.1) does not hold. For a detailed discussion of convergence criteria similar to

these, see Section 8.2 of Gill, Murray, and Wright [19811.

The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates : t

OPT. - optimal point found
* - current point cannot he improved

** optimal solution found, but reqnested acuracy could not he achieved
F LtM. - function evaluation limit reached

t A '*' corresponds to the situation in which the algorithm terminates due to failure in the
linesearch to find an acceptable step at the cnrrent iteration. A '**" necnrs when condition
(5.3.1) is atisfied but not condition (.5.3.2);that is, conditions% for optimality are met at the
current point hut the iterates have not yet converged.
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Numerical Results for NPSOL

, m opt Stop fJ lm 'l*12 ll112 119112 eMt Conll

To1 Lir evals. err.

1.0 2 2 10-1' 27 22 I.11 10- ' 10-
6 10-"3 OPT

10- 14  29 24 1.41 10- 10 - 9 10- 2 1 oP.

2.0 2 2 10 " I0 9 6 6.40 I0 - " 10- 7 10- 16 OP."
10 4  10 7 6.40 10- '°  10- 9  10- 20  OPT.

3.0 2 2 10- 10 897 283 9.11 10- ' 10- 7  10 - 1" ot.

10- 14  897 283 9.11 10 - 9  10 - 7 10 - 18 orT.

4.0 2 3 10- 'o 20 14 10n 10- 9 10 - 3 10-1"

SI0 - 14  20 14 10" 10- 9 10-s I0 - 1 *
5.0 2 3 10- '0 20 15 3.04 10- 6 10 - 6  10-"3 oPT.

10- 14  22 17 3.04 10- ' °  10 - 1°  10 - 2 orT.

6. 2 10 10- 'o 0.1 14 9 .365 101 10- ' I0 - 6 OPT.

10- 14  0.1 15 10 .365 101 10-
8 10 -  oPT.

7.A 3 3 10- 'o 37 31 1.00 10-
1 -6 10-i" .

10- 14  38 32 1.00 10- 11 10- 1  10- 2  
OPT.

8. 3 15 10-  22 16 2.60 10- ' 10- 8 10- 1 oPt.
10 - 14  23 17 2.60 10- ' 10-'o 10- 4 OPT.

9. 3 15 10 - i0 8 4 1.08 10- 4  10- 4 10- 11 OPT.

10"4  9 5 1.08 10- 4  10- 12  10- 14  OPT.

1.. 3 16 10 - '° -  450 328 l0 101 10-' 10 - 6 *

10-14 450 328 o' 101 10-' 10 -  *

11.0 3 10 10-10 2 1 8.39 10- ' 0.00 10-2 OPT.

10 " 14  2 1 8.39 10- ' 0.00 10- 2  
OPT.

12.0 3 10 10- '°  34 27 10.1 10-s 10- 7  10-11 OPT.

10- 14  35 28 10.1 10- 9 10- * 10- '6 OPT.

13.0 4 4 10- °  66 59 I0 s  10 -' 10- 1 °  10" OPT.

10 4  71 64 10- 5 10 10 1o-1 OPT.

14.0 4 6 10- '°  50 39 2.00 10- 10- 6  10-i s  o-r.
10 4  51 40 2.00 10-9 10- 6 10- '6 oeT.

15. 4 I 10 - ' 33 20 .328 10- 2 10 10-  ,,t.
10 - 14  35 22 .328 10- 2  10- 1" 10 - 9 OT.

16. 4 20 I0- 'o 24 17 17.6 1o 10- 3 10 - 1 IT.

10 - 14  25 18 17.6 102 10- 4  10 - 8 or?

17. 5 33 10- 'o 0.1 32 20 2.37 10-2 10 -
5 1o OrT

i0- 14  0.1 56 44 2.46 10- 2  10- 1 10 - 11 CWT

18.0 6 13 10- 'o 45 39 18.7 10-  1 10-9 0 - 2  
APT.

io - 14  45 39 18.7 10- ' 10 - 4 10 - 2  oT.

19. 11 65 10-' °  88 59 9.38 10- ' 10 -
1 10 - ' APT.

I0- 14  90 61 9.38 10-' 10- 1 10- 8 OPT.
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Numerical Resmdts for IPSOL

i l, opt Stop f. j I' lI Il *112 119'112l . co,,.
Tol Lin evahs. err.

20a. 6 31 10- 10 43 36 2.44 10- 1  10- 0 10 -
1' nPT.

10- 14  46 39 2.44 10- 2  10-  10-  OT.

20h. 9 31 10 - '°  83 75 6.06 10- 3 10 - * 10- * ,,rT.
10 - 14  85 77 6.06 10- 3 I0 - 11 10 - 13 OPT.

20c. 12 31 10-10 55 48 1.06 10- 4  10- 6  10- 7  OPT.

10-14 151 129 16.6 10- 5 10- " 10- 14 OPT.

20d. 20 31 10- °  73 63 1.06 10- 4  10- 7  
10

-e OPT.

10- 14  114 93 1.06 10- " 10-0 10- 12 OPT.

21a.0  10 10 10 - 10 101 59 3.16 10" 10- 5 10-2 oPT.

i0 - 14  104 62 3.16 10- ' 10- 8 10 - 'T  OPT._

21b." 20 20 10-i' 252 157 4.47 10- ' 10 - 5 10 - 11 OPT.

i0 - 14  265 170 4.47 10- 0 10- 8 10-17 OPT.

22R." 12 12 10- 1°  83 72 10 -
3 10- 8 10- 6 10 - 11 oPT.

10- 14  165 154 10- 4  10- 8 10-12 10-'? oP.

22b.0  20 20 10-1 °  103 85 10- 3 10- 6  10- 7  10 - 11 o..

10 - 14 196 178 10 - 4  10 - 1 10 - 11  10 - 14  
oPT.

23a. 4 5 10- 'n 198 142 .500 10- 3 10- 10 10 - 10 OPT.

10- 14  198 142 .500 10- 3 10-'0 10-10 oPT.

23b. 10 11 10-20 117 79 .500 10-2 10 - 9  10- 11 OPT.

10 - 14  124 86 .500 i0 - 2 10-12 10- 11  OPT.

24a. 4 8 10-10 23 15 .828 10- 5 10 - 4 10- 6 oPT.

i0-14 462 346 .759 0- 3 10- 10-1 " OPT.

24b. 10 20 10- 1o 368 263 .598 10- 2 10-6 10- 9 OP.

10-14 419 314 .598 10-2 10-' 10-0 or.

25a.0 10 12 10- 1o 19 17 3.16 10- 7 104 t0 - 14  OPT.

i0 - 14  20 18 3.16 i0 - 14  10 -i3 10- 24 OPT.

25b.0  20 22 10-20 24 22 4.47 i0 - 's  10- " 10- 25 oP..
10-14 24 22 4.47 10 -i Ir 11  10- 25 oPT.

26a. °  10 10 10 - 1°  33 31 .328 10-2 10 - 8 10- 5 OPT.

10- 14  35 33 .328 10-' 10-0 10- 5 OPT.

26b." 20 20 10- °  76 44 .231 10 -  10- 8. I0- 3 nPT.
7- 14  78 46 .231 I0-" 10-9 10- 3 OPT.

27*." 10 10 10- °' 18 15 3.16 i0 - 0 I0 - 4 10 - * OPT.

i0 - 14  19 16 3.16 10- 10  10- 10- 2 1  OPT.

27b.0 20 20 10-'0 30 17 4.47 10 -  10-6 10 - 13 oPT.

10 - 14  32 19 4.47 i0-* 10-' 10- *  OP..

28R." 10 10 10-10 33 18 .412 10- 7 10- 7 10-11 OPT. l

10 - 14  36 20 .412 10-a 10- * 10-1' Or.

28b." 20 20 10-20 54 40 .571 10 - 1 10- ' 10- 1' oPT.

10 - 14  56 42 .571 ic1" 1  10-20 10-21 oP..
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Numerical Reilts for NPSOL

. ,n Opt Stup ;r 1'i *112 111*112 II9l1 I/stl eonl'

701 Lin evT]s. eff.

29a.0 10 10 10- 10 7 6 .412 10 - 6  10- 8 10- 16 oPT.
10- 14  8 7 .412 10- 0 10- 9 10- ' OPT.

29b.0 20 20 10- ' 7 6 .571 10 -  10- 7  10 - IS  OPT
10 4  8 7 .571 10- 9  10- 9  10 - 'g oPT.

30a.0 10 10 10- "' 37 19 2.05 106 10- 3 10- 12 oP..

10- 14  40 22 2.05 10- * 10- 4 10- 1 7  
OPT.

30b.0  20 20 10- " 65 33 3.22 100 10- 6 10P oI.
10-14  67 35 3.22 100 10-7 10P oPT.

31a." 10 10 10- "' 67 38 2.18 100 t0 10" OPT.
10 4  70 41 2.18 100 10-

7 10 OT.
31b.0  20 20 10- 'o 141 88 1.90 100 10 - 6 100 OFT.

10- 14  144 91 1.90 10" 10-  100 oFT.

32.L 10 20 10- "' 2 1 3.16 10P 10I  0.00 OPT.

10- 14  2 1 3.16 10 IV'- s  0.00 oT.
33.L 10 20 10-" °  4 2 1.46 100 10 - 10 10- 6  *

10- 14  4 2 1.46 10 10- 10 10- 6  *
34.' 10 20 10- 'o 4 2 1.78 10 10 - 11  10- 6  ,

10- 14  4 2 1.78 10 10- , 10- 6 *

35a. 8 8 10- 10 31 20 1.65 10-i 10- 6  10- 9 OPT.

10- 14  33 22 1.65 10- ' 10- 8 I0 - 9 OPT.

35b.°  9 9 10 9 29 16 1.73 10- 5  10' 10- 10 OPT.

10- 14  32 19 1.73 10- 7 10- 7 10 - 1  
OPT.

35c. 10 10 10-10 37 26 1.81 10-1 10-6 10-8 OPT.

10- 14  42 31 1.81 10 10- 9 10 - 3 OPT.

36a.0 4 4 10- 'o 609 456 8.87 10-
5 10- 6  10 -  

OPT.

10- 14  3762 2712 17.1 10- 6  10- 6  10 - 11  *

3Gb.°  9 9 l0 - j 887 660 10.1 10- " 10- 6  10- 9 OPT.

10- 14  3211 2357 16.3 10- 6  10- 6 10-  *

36c." 9 9 10-I1 3 1 1.73 0.00 0.00 0.00 nrT.

10- 14  3 1 1.73 0.00 0.00 0.00 OPT.

36d.0 9 9 10 - 10 1063 813 10.7 10- ' 10-6 10- 0 OPT
10- 14  3680 2734 16.9 10- 6 10 - 6 10-11

37. 2 16 10- "' 14 8 10.8 10' 10 -
5 10- 6 OPT.

10- 14 15 9 10.8 10' 10- 8 10-  
OPT.

38. 3 16 10- a 0.01 21 14 26.1 10' 10-3 10- 6  OPT.
10- 14  0.01 23 16 26.1 10' 10-6 10- 6  oPT.
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Numerical Re-ult. for IPSOL

n I. Opt Stop f, J iterii. ffj12  hf*112 119*112 "t. tov.
Tol Lin evals. err.

39m. 2 3 10- 10 10 9 10 -  10-1 l0-* 10 - 7  ,,r'.
10 - 14 I1 10 I0-A I0'-  10-1 10- " OPT.

39b. 2 3 10-10 9 8 10- 7 10 10 -  o T.
10- 14  10 9 10-T 10-' 10 - 9 10- " OPT.

39c. 2 3 10- o0  6 5 1o- , 10-  10 - 7  10-I OPT.

10- 14  8 7 10-? jo-, 10-16 10-7 oPT.

39d. 2 3 10-10 10 7 10- 7  10-1 10-7 10-  oPT.

10 - 14  
I 1 8 1 0 -7 to-, 10 - 0 10- 7 OPT.

39e. 2 3 10-10 16 11 10-7 10 -  10 - 0 10 - 7  oT.
10- 14  17 12 10- f 10- , 10-' 10- 7  OPT.

3Sf. 2 3 10-1 °  28 21 10 - 9 10 -  10 - 6 10' , T
10- 14 29 22 10-' 10 10 - 8 10-O OPT.

39g. 2 3 10- !°  30 21 10- °' 10- ' 10 - 8 10- 7 O PT

i0 - 14  31 22 10 -to 10- ' 10- I S  10 - 7 OPT.

40a. 3 4 10-10 11 10 10 - 6  10p 10 - 8  10- 7  oT.
10- 14  12 11 10-  10 0 - 1010 10- ' OPT.

40b. 3 4 10-10 11 10 IV,, 10 10 d  10- 7  OPT.

10- 14  12 11 10 -  10 10- 11 10- 7  OPT.
40C. 3 4 10- ' °  9 7 10 - 1 10' 10" 10- 7 IT.

io-14 10 7 10-7 to 1-1 ? OT

40d. 3 4 10- '°  14 9 10- 7  100 10 - 8 10- 7 OPT.

10-14 15 10 10- 7 10 10 - " 10- 7 OPT.

40e. 3 4 10 -Ia 19 11 10 "' 10P 10- 6 10-
r OPT.

10-14 20 12 10 -  100 10-  10-7  OPT.

40f. 3 4 10- '0 33 23 10- 8 1o 10 - 6 10- 7  OPT.

10"- !  34 24 I0-6 1o 106 10-  OPT.

40g. 3 4 10
- 1°  45 35 10-c' 10 10" 1010-1 OPT.

10- 1i 46 36 10-' i0" 10-  10- 7 OPT.

41a. .5 Jo 30- 10  12 7 10 - 6 100 10-  I 0 -  
OPT.

10- 14 12 7 10- 6 100 10- 1t  10-7 OPT.

41b. 5 10 I0 - 'o 12 7 1o-,- lof 10- 9 10 - ? T.
I0-14 13 8 10 lop0 10" 10-  OPT.

41c. .5 1o 10o- , 12 7 10- , 10P 10- r  10-, oPT.

10- 14  14 9 10- a 1o 10-"' 10 - 7 OPT.

41d. .5 10 10- °' 17 12 10- 6 10 I0 - C 10- 7 OPT.
i0 - 14  20 1.5 10 -" 10 10 - t 10 - r  

OPT.

41e. 5 10 10-10  51 35 10- 4 1op 10- 9 10 - 7  OPT.

10 - 14  54 38 1o-  10 10 10 -  OPT.

41f. 5 10 10-IO 51 30 10- 7 100 10 10 -  
OPT.

10
- 14  53 32 10-  10 10-  10-7 OPr.

41g. -5 10 10-I" 62 45 10- 100 I0 - 5 10 - 7 OPT.

10- 14  69 52 10- 1 100 10- 7  10- 7 OPT.
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Nitmerical Resit-s for NPSOL

I in Opt SteP , J ite'. II /'I, 11 111g' 112 CO.

Tol Lirn evals. err.

42a.0  4 24 10- 10 1.0 60 .13 6I.9 10- 4 10- 1 10- 17

1o- 14  1.0 61 44 61.9 10- ' 10
- '  10- " OPT

42h.0  4 24 10- '°  1.0 140 85 81.4 10- ' 10- A 10-1 A or
10- 14  1.0 141 86 81.4 10- " 10- 9  10- 2  

oP.

42c." 4 24 I0-'a 0.1 51 1 0.3 10" l0- 4 I0- 1'1 oT.
10- ' 0.1 52 .50 60.3 10- 'o 10-  -  o10.

42d.0 4 24 10- 1 0.1 56 51 60.3 10" 10-7 10
-
'o ,PT

10 4  0.1 57 52 60.3 10- " 10- 0 10- 2* OPT.

43a.0 5 16 10- 'n 0.01 44 38 53.6 10- ' 10-  10-2 OPT.

10- 14  0.01 53 47 53.6 10-' 10- 1 10-  OPT.

43b.0  5 16 10- 'o 1.0 37 25 46.2 10' 10- 1 10' T.
i0- 14  1.0 38 26 46.2 10' 10- 5 102 OPT

43c.0  5 16 10- 'a 0.01 44 39 53.6 10- ' 10- 6 10- 2 OPT.

10-14 0.01 54 49 53.6 10-' i0- 10-2 OPT.

43d.0  5 16 10- °' 0.01 112 81 .53.6 10- ' 10- 3 10-2 OPT.

10- 14  0.01 120 89 53.6 10- ' 10- 8 10-2 OPT.

43e.0  5 16 10- '°  0.01 95 62 54.0 10- 8 10- 6 10 - 16 OPr,
10- 14  0.01 97 64 54.0 10' °  10" 10- " or,.

43f.0  5 16 10-'°  1.0 56 43 54.0 10- ' 10-
3 10- 11 OPT.

104 1.0 59 46 54.0 10" 10- 0 10- 21l  O.r

44a.0  6 6 10-1 °  488 383 4.03 10r  10 -
6 10 -

"' OPT.

10- 14  490 385 4.03 10- 9  10- 6 10-14 Orr.

44h.0  6 6 10- 10 57 35 3.52 10-7  I0-3 10- is  OPT.

10- 14  59 37 3.52 10
"1o 10- 9  10- 9  oPT.

44c.0  6 6 10 - 10 (6001) (4430) 10 10 1 -  lop P Lm.

10-14  (6001) (430) 10 io 10-' 10o  • LM.

44d.0 6 6 10- "' (6000) (39.14) 13.9 10-2 0P 10- 2 P L-U.

10 4  (6000) (3944) 13.9 10- 2 10°  10- 3 r Lim

44e." 6 6 10- 10 1976 1420 9.27 10' 10-  10- 17  OPT.
10- 14  1978 1422 9.27 10 - " 10- 9  10 -22 OT.

45a.0  8 8 I0- 10  474 371 4.06 10- 7  10-  10- 14  .

10- 14 476 373 4.06 10- " 10-4 10 ,'

45b.0  8 8 10- ' 82 57 3.56 10- 7  10- 1 10-  OP .

j1- 14  84 59 3.56 10- 9  10 - 1 I0 - 11T .

45c.0  8 8 10- 11 (8000) (6180) 12.8 10-' 101 10- 1 F LP,.

10- 14  (800) (6180) 12.8 10- ' 10' 10-' 1 LIM.

45d.0  8 8 10- '°  1654 1302 15.3 10- 9  10'- 10-17 OPT.
10- 14  1656 1304 15.3 10- " 10- ' 10- 2' oPT.

45e.0 8 8 10 - 'a (8000) (5432) 67.8 10 - 1 102 10-2 , LP.

10- 14  (8000) (5432) 67.8 10- 1 102 10.2 P L.
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5.4 Second- Derivative (Modified- Newton) Linesearch Method

(NPL/NAG INA)

5.4.1 Software and Algorithm

The results were obtained using subroutine lNA from the National Physical Laboratory,

available at Stanford Linear Accelerator Center. The algorithm implements a modified New-

ton method in which the search direction at each iteration is the solution to a subproblem

of the form

Min g'P + -I i lk.
PER 2

and the exact Hessian matrix is replaced by modified Cholesky factors if it is either indefinite

or computationally singular (see Gill and Murray [1974a] and Section 2.4.1). A step length

along the search direction is then computed by a linesearch method [Gill and Murray (1974b)]

that uses both function and gradient information to obtain sufficient decrease in the objective

function. NIA requires exact second derivatives, and is similar to subroutine E04LBF from

the NAG Library [1984], the principal diference being that the latter allows specification of

fixed upper and lower bounds on the variables.

5.4.2 Parameters

Parameters were kept at their default values with the following exceptions

NAICAL - min 1999, l00n) function evaluation limit
XTOL - varied; see tahles accuracy in r
ETA - 0.9 lineweareh accuracy

STEPIX - usually I0 (default) t maximm .tep for linesarch

t In .ome caes the dedanlt STE1PUX 10 was too large and overflow occurred daring function
evaluation in the linewarch. Thee eaww- are indicated in the table by giving the lower value of

0 STEPNI that was subwqurntly used to obtain the results in the column labeled "max. step".

See NAG [1984] for details concerning the parameters.

4
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5.4.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria:

ohjectivpfunction : & (= ff/J&)

objective gradient qk = r.Jr, (= .Tfk)

search direction pk. the minimizer of the subprnblem
steplength : k, determined by the linesearch

An iterate is determined to be optimal by KNA if the following four conditions hold:

oalIPs II,(XTOL + /Vc;,)(I + llrkll) (1.4.1)

and

h._j - h'k < (XTOL 2 + f.)(n + l'kI) (5.4.2)

and
1lgdll < (ITOL + ,e'.")(1 + 1,I) (5.4.3)

and

v2 rk is positive definite, (5.4.4)

or if

l1lk 112 < 0- s 01 ,, (5.4.5)

A necessary condition for optimality is that the gradient vanish, and conditions (5.4.3) and

(5.4.5) are intended to test whether this requirement is approximately satisfied at r'. Con-

ditions (5.4.1) and (5.4.2) are meant to ensure that the sequence (rT) has converged, while

condition (5.4.4), together with condition (5.4.3), implies that sufficient conditions for a

strict local minimum appear to hold at rk. Condition (5.4.5) allows 131A to accept a point as

a local mimimum if a more restrictive test than (5.4.1) on the necessary condition is met, but

one or more of the other conditions for convergence do not hold. For a detailed discussion

of convergence criteria similar to these, see Section 8.2 of Gill, Murray, and Wright 11981].

The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates:

OPT. optimal point found
* current point cannot be improved t

F LIM. - function evaluation limit reached
TII.F - time limit exceeded

t A ' correspotds to the situation in which the algorithm terminaten due to failure in the
linesearch to find an acceptable step at the current iteration.
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Numerical Hesult for NJA

in 170L fM . f. ite,. Illr 11'2 V0112 IIg012  ext.
step eali. err.

1.0 2 2 10-6  It I 1,11 to-I0- S  10 I0- s  Or?
10-If 14 10 1.41 10- 3 10' 100 or?

2.0 2 2 10-6  8 6 6.,10 10 - 9 10-A  10- 18 Or?
10- 10 8 6 6.40 10 - 9 10 - 8 10 - , orr.

3.0 2 2 10 - 8 175 65 9.11 10 - 9 10'-  10-  *

10- 10 175 65 9.11 10- 0 10-4  10-  *

4.0 2 3 10- 6 1 1 Io' 10-"6 10-0 10- 2 *

10-10 1 1 le to - " 10- 1°  10 - ?  *

5.0 2 3 10-6 l0 35 9 3.04 10-10 10- ' 10'
10- f 101 35 9 3.04 10- 'o 10- 9 10 - 1 *

6. 2 10 10-0 12 9 .365 101 10- 7  10-0 *
10- 10 12 9 .365 101 10 "1 10- 6 *

7.0 3 3 10- 6  14 11 1.00 10-12 10 - 12 10- 2 orv

10- 16 14 11 1.00 10-12 10- '2  10"2a OPT.

S. 3 15 10-c 11 10 2.60 10- I  10-15 10-8 oPT.
10- 11 10 2.60 10- ' 10-15 10- 4 oPT.

9. 3 15 10 - 6 3 2 1.08 10- 4  0"- , 1o- 14  or.
10-10 3 2 1.08 10- 4  10- I!  10-14 oPT.

10. 3 16 10 - 6 249 164 t04 10 10- I  10-  *

l0- io 249 164 10 101 10- 1 10-  *

11.0 3 10 10-6 538 341 55.9 10- 11 10-"1 10- 21  OPT.
10-"4 538 341 55.9 10- 11 10- 11  10-21 OPT.

12.0 3 10 10-6 43 18 10.1 10-  1 - 101 10-  OPT.

10 - 10 43 18 10.1 10- !0 10 " 16 10 - 31 OPT.
13.0  4 4 10-6 23 22 10- 4  10 -  10 10 -i  

opT

10-10 23 22 10- 4  10- 7 10-10 10- 15 OPT.

14.0 4 6 10- 6  54 26 2.00 10-"3 10- 12 10
- 26 I ,PT.

10- 10 54 26 2.00 10-I3 10- 12 10-" OPT.

15. 4 11 10-6 20 7 .328 10-O 10- is  I0- 9 OPT
10- 10 20 7 .328 10-2 10-i2 10-  OPT.

16. 4 20 10-4 9 8 17.6 102 10- 1 10- 4 OPT.
10"- I  10 9 17.6 102 10- 10 10-6 .

17. .5 33 10-6 43 28 2.46 10-2 10- 14  10- 1  or

10- In  43 28 2.46 10- 2  10- " 10- 11  *

18.0 6 13 10- 6  44 20 12.3 10- '2 10- is  I0-2  OrT.
10- 10 44 20 12.3 10- 12 10- "3 10- "4 OPT.

19. 11 65 10- 6 10.0 7 3 9.38 10-' 10-9 10'- OPT.

10- 11 I0.0 8 4 9.38 10- !  10 - " 10-a OPT.
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Numerical Results for NNA

i , XTOL m f. .1 iCl. tl.,", I1'112 119112 et -oV
step evals. err.

20a. 6 31 10- 6 13 12 2.44 10- 2  
10

- 12  10- 1
1 oPT.

l0- 10 13 12 2.44 10
- 2 10-12 10-' °  OPT.

20b. 9 31 10-5  14 13 6.06 10- 3 10- 14  10- 1
3 oPT.

10-I 14 13 6.06 10- 3 10- 11 10- 13 OPT.

20C. 12 31 10- 4 14 13 16.6 10- 3 10-"3 10-16 OPT.
10- 10 14 13 16.6 10- s  10- '3 10 - 16 OPT.

20d. 20 31 10- " 1295 679 I l 10- 3 10- 7  10-  *

10-10 1295 679 1 0  10-  10- 7  10- 5  *

21Rt. 10 10 10- 6 14 10 3.16 10-"3 10-"s 10- 29 OPT.

10-i 0  14 10 3.16 1 0- s  10- 's 10-" oPT.

21b.0  20 20 10-6 14 10 4.47 10- 1
1 10-14 10- 2

9 OPT.

10- 10 14 10 4.47 10- 14  10- 14  10- 2 OPT.

22a." 12 12 10-  23 22 10- 1 10- 7  10- 10 10- 11 OPT.10- 10  23 22 10- 4  10- 7  10- 'o 10- 1 " OT.

22b.0  20 20 10- 6 24 23 10- 4  10- 7  10-11 10- '3 oPT.
10-10 24 23 10- 4  10- 7 10- 11  10- 1

3 OPT.

23a. 4 5 10- 6  43 34 .500 10 - 3 10 - 10 10- 1  o,T.
10- 10 43 34 .500 10- 3 10 - 1o 10-'o OPT.

23b. 10 11 10- 6 44 36 .500 10-2 10- 12  10- 11  OPT.

10- 1" 44 36 .500 10- 2 10- 3 10-i" OPT.

24a. 4 8 10- 6 158 110 .759 10- 3 10-1 10-i" OPT.

10- 10 158 110 .759 10- 3 10- 10 10-11 OPT.

24h. 10 20 10-6 133 94 .598 10- 2 10- "2 10-  OPT.

10- 10 1.33 94 .598 10-2 -  10-9 OPT.

25a.0  10 12 10-6 14 13 3.16 10- '°  10 10-i *
10 - 10 14 13 3.16 1 0- '°  10- " 10- 19

25b.' 20 22 10-  17 16 4.47 10
-  10- 6 10- "' oT.

10- 10 18 17 4.47 10-  10- 6 10- 11 *

26A.°  10 10 10 - 6 21 11 .306 10- s  10-16 10- " OPT.
10-10 21 11 .306 10-i s  10-'1 10- 3 oPT.

26b." 20 20 10-6 30 13 .189 10- 1  10 -  10- 25  oT.

10- In  30 13 .18.q 10 10- 1  10- 2
1 OrT.

27a.°  10 10 10-  22 12 3.16 10-12 10
- 12 10-24 OPT.

10- 10 22 12 3.16 10-12 10- 12 10- 24  OPT.

27b." 20 20 10-6 31 15 4.47 10-12 10-i3 10-27 OPT

10-10 31 15 4.47 10- 1
3 10- 13 10- 2  OPT.

28R." 10 10 10-6 4 3 .412 10- 12 10- 1" 10-24 OPT.

10- 11 4 3 .412 10-12 10- 1  10- 24 OPT.

28b." 20 20 10-4 4 3 .571 i0
- 1c 10

"" 4  10- 25  OP.

10- 10  4 3 .571 10- 1
3 10-14 10- 25  

OPT.
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Numerical Results for RNA

n IiI XTOL innx. /, J itis 1"kl 2 11f112  1gq'll2  "t. cony.
step evals. err.

29a.0 10 10 10-6  4 3 .412 10-'n 10- 1
0  

10-21 OPT.

10- 0  4 3 .412 10-" 10-1 10-" oPt.

29b." 20 20 10-" 4 3 .571 10- 1
0 10- 1°  10-2° oT.

10-11 4 3 .571 10- 1O 1010 1 0 -2 0  opT.

30a.0 10 10 10-" 7 6 2.0.5 10
- A 10-i s  10- 31 nrT.

10
- 10 7 6 2.0.5 10-"' 10- " -10

-  OPT.

30b.0  20 20 10- 6 7 6 3.04 10"0- 10- 14  10- 0 Op.
10-10 7 6 3.04 0 10- 14  10-o0 oe.

31a. 10 10 l10- ' 9 8 1.80 10- 13 10- 12 10- 2
6 OFT

10- 10 9 8 1.80 10- 13 10- 12 10- 24 OFT.

31b.0  20 20 10- 6  9 8 2.66 10- 13 10- 12  10- 26 OPT.

9 8 2.66 10- 13 10- 12 10- 26 opT.

32.L 10 20 10- 6  4 2 3.16 100 I0- 13 10-1" orT.

10 - 10 4 2 3.16 l0 10-i1 10-i opT.

33. 10 20 10- 6 27 1 10 100 10- 10- e 6

10-i 0  27 1 104  10n 10-o 10- 6

34. "  10 20 10- 6 20 1 21.2 10 10- 1
0 10 - 6 *

10-i1 20 1 21.2 10 10- 10 10-e  *

35a. 8 8- 10-6 41 1.5 1.6.5 10-' 10-'8 10- 9 oFT.

10- 1
0 41 1.5 1.6.5 10-' 10- 1

$  10- 9 O'T.

35b.0 9 9 10 -
6 66 19 1.73 10- 'i 10-  10- 2

0

10- 10 66 19 1.73 10-'0  10-9 10-20  *

35c. 10 10 10-6 86 17 1.76 10-i' 10- 9 10-

10- 10 86 17 1.76 10-' 10- 9 10-  *

36a.0 4 4 10-6 (4002) (2658) 51.4 10- ' 10- ' 10- 'o F t,.

10-10 (4002) (2658) 51.4 10- ' 10-' 10-"o ,

36b.0 9 9 10- ' (9014) (692) 51.2 10- 7  10-
1 10-i ,

10- 10 (9014) (692) 51.2 10- - 10- s  10-i' ,

3 6c.n q 9 10 -4 3188 310 1.73 10- I1 10
-I1 10-2 2  oPT.

10- 10 3188 310 1.73 10
-i 10

-
11 10- 22  OPT.

36d. °  9 9 10-  (9001) (1985) 990. 10- 3 10- 2 10 -4 .

(9003) (1985) 990. 10- a  10- 2  10- 6

37. 2 16 10" 6 .5 8.85 10' 10-" 10-" orT.
10- 10 6 5 8.85 10' 10- 1 10- 1 ,rT.

38. 3 16 10-' 13 8 26.1 10' 10-  10- 6 OPT.

10- 10 13 8 26.1 10 10- 6 10- 6 op.
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Numerical Results for XNA

n XTOL max. f, J iterm. 11V112 11f112 lIft' 2 1 t 2t,.
step evals. err.

39a. 2 3 10- 6 4 3 10- 1 10- 10-17 10-7

10- 30 4 3 10- ' 10 10- 1,  i0 - 7  oT.

39b. 2 3 10-6 4 3 10- 7  10-
1 10-  10- 7

10
- 10 4 3 10-

7  10 10-  10 - 7 OPT

39c. 2 3 10- 6 4 3 10- 7  10- ' 10-I2 10- 7

10- 10 4 3 10- 7 10 -  10 -  0 - r  T

39d. 2 3 10-6 6 5 10- 7  10-1 10- 17  I0 -  
OPT.

10-i1 6 5 10- 7 10-i 1 o-1 i - 7  OPT.

39e. 2 3 10-6 8 7 10-s 10- 1 i0- 14  10-  OPT

10-10 8 7 10-4 10
- 1 10- 14  10- 7  OPT.

39f. 2 3 10- 6 11 10 10- 9  10-, 1 0 -A 10- 7  *
10- 10 11 10 10- 9  10-  10-6 10- *

39g. 2 3 10- 6 14 13 10-10 10-I 10- 9  10- 7  *

10- 10 14 13 10- ' 10- 1 10- 9  10-  *

40a. 3 4 10- 6 4 3 10- 6 10" 10- "' 10- 7  OPT.

10- 10  4 3 10-  10 10r" 10- 7  OPT.

40b. 3 4 10- 6 4 3 10- 6 10°  10- 1" 10-7  OPT.
10- 10 4 3 10-6 100 1-1' 10- 7  OPT.

40c. 3 4 10- 6 5 4 10- T 10" 10- 12  10- 7  oPT.
10-10 5 4 10-T 10 10-12 10-

T oPT.

40d. 3 4 10- 6 6 5 10-7  10 10- 1r 10- 7

10- 0 6 5 10- 7  l0 10- 11" 10-7 op.

40e. 3 4 10-s 8 7 10- 7  100 1o- 10- 7  
*

10-10 8 7 10- 7  100 10-  10- 7  *

40f. 3 4 10- 6 10 9 10-' A 00 10-I 10- 7  oPT.

10-10 10 9 I0- 8 *o 10-11 0- 7 oPT.

40g. 3 4 10- 6 13 12 10- 9  10 106 0- 7  *

10- 10 13 12 10- 9 10 10-6 10- 7  *

41a. .5 10 10- 6 4 3 10- 6 10 10- 9  10- 7  *
10-10 4 3 10- 1 10 10- 0 10- 7

41b. 5 10 10-6 4 3 10-  10" 1"-  10- 7 
nr T

10- 10 4 3 10- '" l 10-i3 10- 7 OPT.

41c. 5 10 10-6 8 7 10-  10 10- 1" 10- 7 rT

10-10  8 7 10-  10 10-"2 10-7 OPT

41d. 5 10 10-6 9 8 10- 10" 10- 14  10- 7  OPT.

10-10 9 8 10- 6 10 10- 14  10-7 OPT.

41e. .5 10 10-
6 12 11 10-7 10" 10- 1°  10-7

10- 1" 12 11 10- 7  10 10- 1  10- 7  *

41f. .5 10 10-" 14 13 10-7 100 10- 1 10- 7  oP.

10- 0 14 13 10- 7  10 10- 11 10- 7  OPT.

41g. .5 10 10- 6 17 16 10- 1 Ion 10-12 10- oPT.

10- 1" 17 16 10- 4 10 1-" 10-7, OPT.
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Numerical esnlts for XNA

m XTOL max. 1..1 itr.,. It.Ti II li* 111 l 11,,, " on'.
step evals. err.

42a.0  4 24 10" 2.0 41 35.P 60.3 l0 1 0  10- 4 10- 2n
10 - I' 2.0 41 3.5 60.3 10- 1c 10-  10- n *

42b.n  4 24 10" 16 8 60.3 10
-i0 10- 10-1 *

10- 10 16 8 G0.3 i- n  10- 8  10- 21 *

42c.0  4 24 10-6 6 4 60.3 10-11 10-9 10-22

10- 10 6 4 60.3 10- 11 10- 9  10- *

42d." 4 24 10- 4 6 4 60.3 10- 's  10-11 1o- 27  oft

10- 10 6 4 60.3 10- I3 10- t  10- 2-1 OPT.

43a. .5 16 10 - 6 10.0 30 16 54.0 10- 11 10- 11  10- 27  orr

10- 11 10.0 30 16 5,1.0 10- 14  10- '' 10-27 am.

43b.°  5 16 i0-f 10.0 17 12 54.0 10- 13 10 - 11 10- 23 oFT.
10" 1( 10.0 17 12 .54.0 10-1s  10-11 10- 2  OPT.

43c.0  5 16 10- 6 10.0 89 45 54.0 0- 13 10-11 10-25 oT.
10- 10 10.0 89 45 .54.0 10- 13 10-"1 10- 25 OPT.

43d.0  5 16 10-6 102 41 21 .51.0 10- 12  10 - 10 10- 27  op.

10- ' 10 42 22 .54.0 10 2 10 -10 10-  *

43e.0 5 16 10- 6 10.0 142 73 .54.0 10- 12  10- 10 10-25 OPT.

10- 10 10.0 143 74 54.0 10- 11 10- 10 10-  *

43f.0  5 16 10- 6 102 37 19 .54.0 10- '2  10- 10 10-25 OFT.
10-10 102 37 19 54.0 10- 12 10 - 10 10- 2s  OPT.

44a.0  6 6 10- 6 143 49 4.03 10- 12 10-1t  10 - 3 OPT.

10- 16 144 50 4.03 10- 1  10-1°  10- 28 *

44b.0  6 6 10- 6 46 14 3.52 10- 13 10- 11 10- o,.

46 11 3.52 10- 's 10- i  10-25 o,-.

44c.0  6 6 10- 6  914 .364 20.6 10- 12  10- 9 10- 2  
OPT.

1O- 10 915 365 20.6 10- 12 10-1 10 - 23 *

44d.0  6 6 10- 6 915 342 15.3 10- 12  10- 9 10P- 2  T.

10-10 916 343 1.5.3 10- 12  10-9 10- 2  *

44e.0 6 6 10 - 6 475 153 9.27 10-I' 10- 7  10- 1 p
10-10 476 154 9.27 10-

14  10-11 0-24 oPT

45a. 0  8 8 10- 6 186 52 4 .0c 10- l" 10- 11 10- 31  nrr

10- 11 186 52 4.06 10 -14 10- .1 10- ' o'pt.

45b.0  8 8 10- 6 38 15 3..;6 10" 1 -  10- 21 *

10- 14 38 15 3.56 10" 10- 9 10- 21 *

45c.0  8 8 10 - 6 1416 578 20.6 10 - 14 (0 I n  10- 24 ort

10- 16 1416 578 20.6 10-14 10
- In  10-20 opt.

45d.0  8 8 10-6 1478 586 1.5.3 10- 13  10- I1 10- 2  o

10-10 1479 .587 1.5.3 10- 13 10-10 10-25 *

45.' 8 8 10-6 1441 489 9.31 10- 14  10-  10 -2* OPT

10-10 1441 489 9.31 10-14 10-11 10-2A OPT
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5.5 Gauss-Newton Methods

5.5.1 Software and Algorithm

The software package LSSOL [Gill et al. (1986a)] is used to solve the linear least-squares

subproblem (3.1.3). The linesearch procedure used for the numerical examples in this section,

requires both function and gradient information. It is taken from the nonlinear programming

code INPSOL [Gill et al. (1q79); (1986b)].

5.5.2 Parameters

Parameters in LSSOL were kept at their default values with the following exceptions

Rank Tolerance - varied, xee table

Infinite Bound Size - 10

See Gill et al. [1986a] for details concerning the parameters.

In addition, the following parameters are chosen for the linesearch:

q - 0.5

mi nn ((00(01 + iill1) + 1)/lIIII 102 ) t
t In .ome caw% the default %-Lne ewm, was too large and overflow occnrred during function
evaluation in the inwearch. Thee caise are indicated in the tables by giving the value 7 < 100
sCh that 'V-1 == miU{(v(0 + IIII2) + 1)/lIP1, 10")) that Wait nsequently uWd to obtain
the resnlts in the column labeled "step ra'.".
See, e. g., Gill, Murray, and Wright [1981] for a discussion of the linesearch parameters.

5.5.3 Convergence Criteria

Convergence is judged to have occurred at the Jth iterate if either

or
I,& ll11 < -,,+ /11I). (5.5.2)

The algorithm is also terminated if there is a negligible change in r,

O&lpI112 < "At (0 + lli,'), (5.5.3)



where EoI is the step length determined by the lineseafch.

5.5.4 Table Information

Under the label 'cony.'. the following notation is used to describe conditions under which

the algorithm terminates :

ABS. , (5...)
a -(.5.2)

x (
r Lim. function evaluation limit reached

A superscript 0 following a problem number indicates a zero-residual problem.

A superscript - following a problem number denotes a linear least-squares problem.
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Numeriral Results for goine Gamw.-Newton Methods

n I rank step f..7 'fer. 1l1r'112 11/0112 llaq', et. Con .

toL fac. eval.l, err.

1.0 2 2 1.49xo10- 31 12 1.41 10- 17  I0 - l 10- 3 s F.0

2.111 to'-" 31 12 1.41 I0-" I0-I ? I0 A10. -

2." 2 2 1.49x10-' 180 42 11.4 10 10 - T  t0
2.nx lo- 235 42 11.4 10' 10-2 10 ,

3. 0  2 2 1.40x10s- 31 16 7.22 10-  10- ' 10-'
222x1o' 42 23 9.11 10

- 11R 10- 11  10- 23  Abs F. o

4.0 2 3 1.49x10' .54 14 leg 10 - 16 10-10 10- 2  Ami F.X

2.23X 10- 54 14 10 -10 10- - 2  
AMP F, I

5.0 2 3 1.4#xo' 8 6 3.04 10- 14  10- 3 10 -24 0
2.23X 10- s  8 6 3.04 10-14 I01 10 - 21 a

6. 2 10 1.40X1o-4 5.0 (2003) (294) .A67 10' 102 10- 3 F LIM.
2.no-" 5.0 301 44 .501 102 104 101 

7.0 3 3 1.4#w 10" 13 10 1.00 10-24 10- 2 10- 4A A11. P. a

2.23xIo-'" 13 10 1.00 10- 24  10- 28  10- 44 ADS. P. 0

S. 3 15 1.49,io-0 7 6 2.60 10- 1 !0 - 11  10-f •
2.3u1,xI "  7 6 2.60 10 - !  10- aO-s

9. 3 15 1.4#x 10' 3 2 1.08 10- 4  10-12 10- 14  a
2.25x 10'0 3 2 1.08 10 - 1 10- 1  I 10 - 14  0

i0. 3 16 1-4*ub0" 112 29 10' 10' 10" I
2.nx 10O"" 30 10 104 10l 10-3 10-6 X

11.0 3 10 1.4wXO" (3000) (1300) 252. 10- ' 10' 10-2 P LiM.

2.nxlo-" (3000) (909) 308. 10-I  10- 1 10- 2  , ,M.

12.0 3 10 1.401110-0 7 6 10.I o10" 10-  
IV0-  ADs. P.a

2.21x10" 7 6 10.1 10- l" 10-' 10" AD ,.

13.0 4 4 1.49to- 16 1.5 10- 4  
10 -4 10- , 10-16 o

2.2$x i0 " 16 15 10 0 108 10-  10- 16

14. 4 6 1.49Xwo-" 96 42 2.00 0.00 0.00 0.00 ADS. . 0

2.2x 10- ' 96 42 2.00 0.00 0.00 0.00 As*. rO

15. 4 11 1.40x10- 43 35 .328 i0-2  10- 11  10 - 9 n
2.23x 10-'" 43 35 .328 10- 2  10- 11  10 - 9 a

16. 4 20 1.49x n" 4 3651 1765 17.6 102 10-  10"-
2.2 xi0 " 3651 176.5 17.6 102 10- A 1 0 -Rt

17. 5 33 1.4PxlO-' 13 9 2.46 10- 2  10-" 10- 1 1
2.2xo"10 13 9 2.46 10 - 2  10 -I I 10- 11

18.0 6 13 1.49XwO'1 10.0 (6001) (770) 2.99 100 10" i0O F L.

2.n,|10-'$ (6001) (8.56) 52.5 10" 10 1o P ,.

19. 11 6.5 1.49X10- 24 16 9.38 10- ' 10-11 10 -  a
2.23X 10 ' 24 16 9.38 I0' 10I " 10- 8 a
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Numerical Results for .%ome Gaui..-Newton Methods

its rank step I, J 'terq. Ir 112 Of 112 11912 Et. Cny.
tol. fac. evils. err.

20a. 6 31 1.49lo- 12 11 2.41 10-2 10- " 10 - 1 a
2.2x 10-' 12 it 2.44 10- 2 10 - "I  I0 - 1' a

2Ob. 9 31 1.4v=Io- 6 5 6.06 10- $  10- " 10-Is a
2.23x1o-" 6 5 6.06 10- 3 10-11 10 - 12 a

20c. 12 31 1.4oxio-m 6 5 16.6 10- 5 10- 14  10 - 16
2.23x1o" a, 6 5 16.6 10- s  10- 14 10- 16 a

20d. 20 31 1.49XIo-O 6 5 1.07 I0 -  I0"- 10-  a
2.23xIO-1 6 5 247. 10- 10 10- 12 10- 29 a

21a.0  10 10 1.49xlO-" 31 12 3.16 10- 's 10- ' 4  10- 21 AS,. F. a

2,2S x10- ' 31 12 3.16 10- 14 10- 14  10 - 31 Ass. F. 0

21b.0 20 20 1.49xO-40 31 12 4.47 10- 15 10- 14  10" 0  &as. P. a
2.23xO -  31 12 4.47 10-18 10-14 10- M ASS. •.o

22a.0 12 12 1.49XIO-S 16 is 10- 4  10- 6 10 - 11 I0 - 16 a

2.238Xo-" 16 15 10- 4  10- 0 10 - 11 10- 1 a

22b.0  20 20 1.49,10- 16 15 10- 4  10-A 10- 11 10- Is  a
2.28x1o-" 16 15 10 - 4  10- 4 10- 1! 10- 15  a

23a. 4 5 1.4X10' 90 45 .500 10- 3 10- 13 10- 10
2.232i2'

O  90 45 .500 10- S 10- 12 10- 1°  a

23b. 10 11 1.49xto- 274 122 .500 10- 2 10- 12  10- 11 a
2.28xIo - " 274 122 .500 10-2 10 - 12 10 - Il a

24a. 4 8 1.49X10" 1043 302 .759 10- 3 10-12 10- 11  a
2.2sx1- " 1043 302 .759 10- ' 10-12 10- 11 a

24b. 10 20 1.49x 1o (10003) (2.556) .598 10-2 10 -  10 - 7 F

2.238xo-'" (10003) (2556) .598 10-2 10-8 10- 7 t'm.

25a.0  10 12 1.49x10- 11 10 3.16 I1" s  10 - 14  10- S0  AM$. F. o
2.23x o-" 11 10 3.16 10- 1i10 4  100- ADS. 7. a

25b.°  20 22 1.49x1- 13 12 4.47 I0- Is  10- 13 10- " Ask. F.O

2.23K10'0 13 12 4.47 10- ". 10 - 8 10 - 0 AS. P. o

26a.0  10 10 1.49=io-' 16 8 .306 10- 11 10 -11 10- 2 a
2.23x10- ' 16 8 .306 10- " 10-" 10- 22 a

26b." 20 20 1.401.10' 20 9 .208 10 - 14 10 - 1 4  10 - 21 0

2.2 3X 0 - 'r  20 9 .208 10- 14 10- 14 I0-28 a

27a.0  10 10 1.49xlO '  21 7 3.18 10- 15 10- 14  10- " A V.a
2.2x10"' 21 7 3.18 10- 15  10- 14 10-" A*$. 1.a

2Tb.0  20 20 1.4110-' 10.0 31 7 4.47 10- 14  10- I" 10- 27  ,

2.2x o - 1' 10.0 31 7 4.47 10-14 10- 13 10-27 a

28a. 0  10 10 1.49x1o" 4 3 .412 10- ' 10- '4 10- 31 As. V.a

2.23 10-' 4 3 .412 10- 1 10 -IA 10- 31 AsCS . a

28b.0 20 ?0 1 49Xo-' 4 3 .571 10-  10- ' a  i0 -  AS. P'.o

2.2S3X1O-" 4 3 .571 10- 14 10- " 10- 2 Ass. P. a
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Numerical Results for s-ome Gaims-Newton Methods

n m rauk x.ep JJ iters. Ir'1 Il' 1112 b19112 -%t' 'Conv.
tol. fac. evas. err.

2911." 10 10 1.4910-' 4 3 .412 10- 11 10- 14  io-" .
2.23X10"" 4 3 .412 10- 11 10- 14 10- " As F.0

29b.0 20 20 1.49x10- 4 3 .. 71 10- 1  10- 14  10- 2 a
2.23 x10- '  4 3 .571 I0-14  10- 14  10- 29 a

30a.0 10 10 1.4#x 0'o 6 5 2.05 10- '6  10-IA  10 -31 APS. F.O
2.2x10-1' 6 5 2.05 10- I' 10- I5 10- l  &asr. P.a

3Ob.0 20 20 1.49X10' 6 5 3.04 10- 15 10- " 10-s1  As. F.O

2.23xi0'- ' 6 5 3.04 10-"3 10 - 16 10- 31 ADS. 11.o

31a.0 10 10 I.49'10-" 7 6 1.80 10-11 10-  10'- 1  
AD$. r.O

2.2x10 " 7 6 1.80 10- 1
6 10

- 1
6 10- 1  AS. P.O

31b." 20 20 1.4X-10- 7 6 2.66 10- " 10 - 'a 10-31 &pf F.o
2.23x1o-  7 6 2.66 10- a 10- l i -" ASS. 1.0O

32.L 10 20 1.49xlo-* 2 1 3.16 100 10- 14  0.00 a
2.2SX10-1" 2 1 3.16 100 10-14 0.00

33. "  10 20 1.49xlO-' 3 2 5.40 100 10 - '0 10- 6  x

2.2SWl- 8 8 101 10 102 lO-S ,9, > o
34V 10 20 1.4x10-@ 3 2 4.90 100 10-  10 o.

2.2S x10' 3 2 4.90 10°  !0- 1 10-6 G.x

35a. 8 8 .4x10- 3053 86 1.61 10- 1  10- 1 10-8
2.28xO0 s"  (8003) (1012) 1.60 10-  10" 10-2

35b.0 9 9 1.49xi0-' 148 29 1.73 10- 14 10- 14  10-29 , .

2.2xIO'" 249 38 1.70 101 0, 10- 2

35c. 10 10 1.49x1o-' (10006) (1353) 1.79 10- ' 10 10- 2 P M.

2.2x 10-' 232 31 1.79 10 100 10- 2

36a.0  4 4 1.4X1o' 2885 4M0 18.8 10- 6 10-12 10-12
2.28xlO-0' 36 21 50.0 10-16 10-14 10- 3 Ass. P.o

36b.0  9 9 .41X10-' 683 128 18.8 10" 10-12 10-12 .
2=s3NO'" 36 21 50.0 10- 15 I0- 14  0-  An ,. o

36C.0  9 9 1..1x 10' 20 19 1.73 10- 11 10-11 10- 22 e
2.2 8x10" 20 19 1.73 10- 11 10-11 10 - 22 a

36d.0 9 9 1.491u10'- 74 2q 19.1 10 - a 0 10 -12 o
2.2sx10-" (9001) (1190) 34.5. 10" 10" 10- 3 m.,

37. 2 16 1.49x 39 38 8.85 101 10-8 10- 6 x
2.28xo'' 39 38 8.85 10' 10- 8 10- 6 x

38. 3 16 1.49x10' 58 56 26.1 10' 10-10 10- 4 a
2.2 -xo "  58 56 26.1 10' 10- 1°  10- 6 a
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Numerical Results for some Gau.x.-Newton Methods

m ramk step ,J iter. II,"112 11112 119112 es. conv.
tol. fac. etals. err.

39sa. 2 3 149 x s-' 8 7 10- f 10-  10- "1 10- 7

2.2sx 10" 8 7 10 - 6 10-1 10- 1 10-o !

39b. 2 3 I.410-' 32 31 10- 7  10- 1 10- 11 10- T

2.23x 10- 32 31 10 -" 10-1 10- 11 10-1

39c. 2 3 1.49S"10 23 14 10-  10-1 10-12 10-7
2.2sxo-" 23 14 10- 7  10-1 10-12 10- 7  o

39d. 2 3 1.49x1o-' 681 333 10- ' 10- 1 10-  10 -  o
2.232 10-" 681 333 10- 7  10- 1 10-10 10- 7  o

39e. 2 3 1.49x10" (2001) (925) 10- 7  10 -  10- ' 10- 7  ,-,,I

2.23X1o-'" (2001) (925) 10- 7  10- 1 10- 9 10 - 7 , Lim.

39f. 2 3 I.APX 10- (2000) (873) 10-' 10- 1 1 0 -s 1 7  
F Lim.

2.23C10" (2000) (873) 10-  10- 10 10- 7  , Li ,.

39g. 2 3 1.49x1o- (2001) (607) 10-  ! 10' 10 1 -  , Lt.

2.23Xi10 - " (2001) (607) 10 - 4 10- 1 10- ' 10- 7  7 LIM.

40a. 3 4 1.4X 10" 13 12 10- 6 10 10- 11 10- 7  0
2.23X 10-  13 12 10-6 I0 10 IO-T .

40h. 3 4 1.49IO- 16 10 10- 6  10n 10-12 10- 7  a
2 .23xlo- 16 10 10- 6 10 10-12 10-7 a

40c. 3 4 1.49x1o-' 380 188 10' 10 10-10 10- o a
2.2SX10' 380 188 10 - 7 t0 10- 10 10- 7  a

4(1. 3 4 3.49x 10- 781 345 10- 7  10 10- 10- 7
2.23X o -m1 781 345 10- 7  10 10-10 10-7 a

40e. 3 4 1.49xIo-' (3000) (690) 10-2 10" 10-1 jI -  
F Limi.

2.2x10-" (3000) (690) 10-2 10 10-1 10-3 v Li.

40f. 3 4 1.49XNo" (3002) (630) .101 10°  101 10-1 T Lim.

2.23tX1o' (3002) (630) .101 100 101 10- 1  v LIM.

40g. 3 4 1.4910-' (3001) (607) .110 10' 10 101 F Low.
2.2sx10- (3001) (607) .110 10t' 10 101 F LIM.

41a. 5 10 1.49X3o"' 5 4 10 -  10 10- 12 !0- 1
2.23 x10 5 4 10 -  10" 10- 13 10-' a

41b. 5 10 1.49w 10- 5 1o-, Io" 10- In  10- 7  a

2.23X In" 6 5 10"- l 100 10-'* 10- 1

41c. 5 1o 1.49IO-4 12 11 10- f. 10 10- ' 1o - ,
2.2SX10' 12 11 10- 6 1O 10-" 10- -

41d. 5 10 .49X 10-* 30 20 10- 1 10" 10- 14 10-T

2.2SXIo'a 30 20 10- 1 10 10 - n  10- 7  a

41P. 5 10 1.4Ix 0-' 222 110 10- 1 I0 10- In  10- ' a
2.23X10" 222 110 10-1 10" 10- In 10- 7  a

41f. 5 10 1.49x 10- 933 414 10- 7  10" 10' 10-7 a
2.2SX10- 933 414 10- ' 10" 10-10 10- 7  a

41g. 5 10 1.49x10- 3285 1065 10- A on J 1 -o 1010- 7  a
2.23 10- 3285 1065 10- Ion 10- 1  10-'
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Numrical Results for .men Ga .s-Newton Methods

n m rank step f. J iters. II 'IIl, I'll, 11g'l est. o.
tol. fac. evis. err.

42^.8 4 24 1.49 M "In 0.1 51 37 60.8 i0- ,$ 10- 1 I0 - o 2

2.28il " 0.1 51 37 60.8 t0- ,$ I0"- , to-2 .

42b.0  4 24 1.49X10- 0.1 611 316 61.9 10- I$  10- 10 10-25 x
22aw'l" 0.1 (4002) (1577) 10' 102 10l I0 ' TLI.

42c. 0  4 24 1.49X Ie- 0.1 27 24 60.3 10- 13 10- 11 10-"6
2.22X 10" 0.1 27 24 60.3 10- 13 10- 11 10-"

42d.0 4 24 1.49X 10- 0.1 24 23 60.3 10- $ I0" 10- " .
2.2&10- " 0.1 24 23 60.3 10- !1  10- 11 10- 8 a.

43a.0  5 16 1.49:X1" 1.0 23 14 54.0 10- 14  10-12 10- 2A

2.2x10" 1.0 23 14 54.0 10- 14  10 1 - 2

43b.0  5 16 1.40xif-" 0.1 15 13 53.6 10-' I0- 10- 2 x
2.23 xIa-I" 0.1 20 14 54.0 10- 14  10-12 10- 28  a

43c." 5 16 1.4tfl - 1.0 24 14 54.0 10- 14  10- 1I 10- 27

2.23 10-'" 1.0 24 14 54.0 10- 14  10-1 10- 27  a

43d.0 5 16 1.49X10-' 1.0 18 10 54.0 10- 14  10- ]1 10- 27

2.2 O x10*- 1.0 18 10 54.0 10-' 4  10- 1  
10 - 2? a

43e.0 5 16 1.49N10" 1.0 31 17 54.0 10- 14  10-12 10- "
3.2X10'" 1.0 31 17 54.0 10- 14  10- "1  10- 20

43f.0  5 16 1.49xlo- 22 15 54.0 10- 14 10- 12 10- 2

2.28xlo-' 22 15 54.0 10- 14  10- I2 10-24

44a 0  6 6 1.49,ln-" 171 45 4.06 I0- 13 !0"]! 10- 21

2.2:lXO-' 171 45 4.06 10- "3 10- 1I 10- 26

44b.0  6 6 1.49X 10- .5 4 3.52 10- 1 10 10-  Ag. P,.o
2.23X:-1 5 4 3.52 10-' 10-I  10 AsS. F, 0

44c.0 6 6 1.49,,1o" 55 17 20.6 10- 4 10-10 10-28 x
2.2$x10 - ' 55 17 20.6 10- 14  10-10 10-2 x

44d.0 6 6 l.49x1l* 35 is 15.3 I0-14 10-  10- " As. r.O
2.21xO-' 35 15 1.5.3 10- 14  10-11 10-  A&s. P. o

440.0 6 6 1.49x10" 42 i 0.27 10"- 14  1011 10-  Ai.R. ..
2.2s8:I-" 42 I8 0.27 10-  10-12 10- A AM S.F. P. X

45na/ 8 8 1.40xln'' 171 45 4.06 10-13 1(0-  10- 2s  0
2.23l0 -"  171 45 ,1.06 0"- , 10- t 10-25 o

45b.0  8 8 1.4vxln- 5 4 3.56 I0- 'S 10- S 10-2  AR-. T. n

2.2SX10 " 5 4 3.56 10 -
5 10-15 10 -  

ASP. P.o

45c.0  8 8 1.49X10' 41 IT 20.6 10-" 10- " 10- " ass. P .
2.2:XI O-" 41 17 20.6 10- 14  10- " 10- " ASS. P. 1

45d." 8 8 1.4x:o-' 35 15 15.3 10 - ' 10- 's 10- 31 Ass. P.O2.23x 10-" 35 15 1.5.3 10
-
'a 10- '2 10- 21 ASS. P,

45e.0 8 8 1.4 10-@ 42 18 9.31 10 1012 0" A,. P.O.I

2.2x10-" 42 18 0.31 10- S  10 -2 IV" ASS. V., 0.
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5.6 Levenberg- Marquardt Method

(MINPACK LNDER)

5.6.1 Software and Algorithm

The results were obtained using the MiNPACK subroutine LMDER, which implements a

Levenberg-Marquardt method using exact derivative information. A subproblem of the form

min Q2t(p) E2gkp + p7 J.p

subject to l1ID 1 6 A&2 ~

is solved at each iteration for the step pk to the next iterate, where D5 is a diagonal scaling

matrix.

5.6.2 Parameters

The results were obtained using the AUNPACK subroutine LRDER, with the following

input parameters:

XTOL - varied, see lth"e accuracy in r

FTOL - varied. see tables accuracy in sum of squares
GTOL - 0.00 gradient norm tolertncee

NAIFEV n in {0MM, 1000n * n) fnuction evaluat ion limit
NODE - I specifies internal scaling

FACTOR - 100. (defaulit) initial step niagnification

t In soin cases the default FACTOR =100.0 wns too large and overflow occurred dunring function
e-onintion. These Cases are indicated in tile I nbie by giving thle lower value of FftC70R that was
snbseqiintly nsed to obtain thle restults.

For details about these parameters, Mor6, Garbow, and Hillstrom [1980J.
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5,6.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria

residual vector f P(0
ith residual gradient : "Oi.rk)

Jacohian matrix :.(-T)

objective function : (z&) = f(rk)Tf(r&)

ohjective gradient :9k = \'r) - 2.1(r)Tf( 1 )
current step Pk, the minimizer of the suhprohlem

predicted rediction : Pr = 11146 - IN1 + Jopk _I -Qk(ph)
111112 1114 112II/(' )ll1, - II1(."' + Ps )ll2 y(r,) - .(.-., + Ps )

actual reduction PA = -I1h 112 II/sk 112

Criteria for termination of LNDER at rk are as follows:

9 r ca vro rg.nce. Both actual and predicted reductions in the sum of squares are at most

FTOL.

IPA I < FTOL and pp < FTOL and P, 2r (.5.6.1)

This attempts to guaiafit, that

111112 < (1 + FTOL)lIJ(-)112.

* z convergence. Relative error between two consecutive iterates is at most XTOL.

Xk , :_ XToLI,:rk + PsIf2  (5.6.2)

This attempts to guarantee that

IIDk (X - T-)l12 _< XTOLIInk(.r)II,-.

* The cosine of the angle between 11 and any column of .1k is at most GTOL in absolute

value.

max < GTOL
:S<1II V'6( Tr)112 Il 4112

This approximates the necessary condition g(r) = 0.

* FTOL is too small. No further reduction in the sum of squares is possible.

IPAI < f and pr .5 E, and PA < 2 fr (5.6.4)
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a XTOL is too small. No further improvement in the approximate solution rk is possible.

4-11 <5 fII.r + Pk1l 2 (1.6.5)

9 GTOL is too small. fk is orthogonal to the columns of .1k to machine precision.

max < ,,, (5.6.6)_,_ lve,(-,)ll2 llf&il2  -

Except for test (.5.6.3), tests for convergence are performed only when

PA < O.O00Pr'. (5.6.7)

The convergence criteria are described in more detail in Mori, Garbow, and Hillstrom [1980].

The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates:

, - (5.6.1) and (5.6.7)
x - (5.6.2) and (5.6.7)

x.P - (5.6.1) and (5.6.2) and (5.6.7)

G - (5.6.6) and (5.6.7)
F LIM. - function evaluation limit reached

79



soS



Ninnerical Pes.Its for LNDER

1 its TOL max. f ite1./ ilr11, 111112 iii -qt. con'..

step evals. J evals. err.

1.0  2 2 10-8 22 16 1.41 10- '6  10 - a 10- S2

i0- 12 22 16 1.41 10- 16 10- "3 10-32 z

2.0 2 2 10-8 14 8 11.4 I01 l0 -  10 ORL. T

10- 32 21 13 11.4 10' 10-
1 101 ut. •

3.A 2 2 10- 8 19 17 q.11 10- ' 10-li I0- 32 x

10-12 19 17 9.11 10-Ic 10- 11  10-32 z

4.0  2 3 10-  40 39 le 10
-
3 10-2 10- 3 x

10-12 54 .53 10 10- 7  10- 7  10- 11 x
5.0 2 3 10- 4 9 7 3.04 10 - '6 10- 'g 10-32 I

I0- 32 10 8 3.04 10- 16 10- "5 10-82 x

6. 2 10 10- 8 21 12 .365 101 10-2 10-  Rut. .

10- !2 28 16 .365 10' 10- 4  10-6 Ra.. F

7.0 3 3 10-8 11 8 1.00 10-16 10 - 6 10-82 I

10- Is  12 9 1.00 10- s2 10-al 10-64

8. 3 15 10-8 6 5 2.60 10-' I0-9 I0-8 Re,. 1
10-12 7 6 2.60 10- ' 10 - " 10-6 OWL. F

9. 3 15 10- 8 4 3 1.08 10- 4  10 - 16 10- 14  x
10-12 5 4 1.08 10- 4  10- Is  10- 14  X. Ot,. 7

10. 3 10, 10- .16 -. 1.16 J b ,0' .. 10 10- ,. O
10-12 126 116 10, 10' 10°  10 -

6 x

11.0 3 10 10- 8 (3000) (2956) 239. 10-2 10"a 10- ' F Lu.
10-12 (3000) (2956) 239. 10-2 106 10- 1 LIM.

12.0 3 10 10- 8 7 6 10.1 10-  10 - s 1 0 -16 -
10-12 8 7 10.1 10 - 16 10- is  10-22 x

13.0 4 4 10- 8 65 60 10- 17  10- 4  10 -  10-6 7  a
i0- 12 65 60 I0- 17 I0- 34  I0-50 10-87 a

14.0 4 6 10-6 70 64 2.00 0.00 0.00 0.00 2
10-12 70 64 2.00 0.00 0.00 0.00 x

15. 4 11 10" 18 16 .328 10-2 1 0 -7 10- 9 utW. 7

10-12 28 26 .328 10-2 10-9  10- 9 2

16. 4 20 10- s  264 245 17.6 102 lop 1 0 - nt. .

10- 12 356 329 17.6 102 10- 2  10- ' R=t. .

17. 5 3.3 10" 18 15 2.46 10-2 10- 8 10- 1 1 R.. F

10- 12 19 16 2.46 10- 2 10- ' 10- 11 Ot.

18." 6 13 10- 4 46 32 12.3 10- 16 10-  10 ' 
10 - 2 46 32 12.3 10- ' 10-'s  10- SI

19. 11 6r, 10-" 17 13 9.38 10- ' 10-7 10-8 Out.. ,
10- 12 19 is 9.38 10- 1  10 - 0 10- 6 Rs. •
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Numerical R~emilt. for LRDER

fi TOL max. f aPr./ l* 11112 111"112 1*112  et. Cony.
step evals. .1 evali. err.

20a. 6 31 10- 0 8 7 2.44 10-2 10-  i0-  
R. F

1012 10 9 2.44 10-2 10-  10-10 P

20h. 9 31 10 - 6 9 8 6.06 !0-3 10-13 10- i 3

10- 12 10 9 6.06 10- 2 10 10-13 x. Ps,.. P

20c. 12 31 10 - 6 10 9 16.6 10-s  10- "s  10 - 16 x

10 - 12 12 10 16.6 10- 6 10- "3 10- 1 x

20d. 20 31 10- s  18 14 247. 10- I
n 10-12 10- 24

10- 12 23 15 247. 10- In  10- 12 10 - 25

21a." 10 10 10-8 22 16 3.16 10- i 10- 14  10- 1 x
10-i

2 22 16 3.16 10- 16 10- 11 10 -31

21h." 20 20 10-8 22 16 4.47 10-16 10
- 14  10- 3

10-1=  22 16 4.47 10 - 16 10-14 10- 1 x

22a.) 12 12 10- s  72 63 10- 17  I0- 84 10- sl  10-  ,

10-12 72 63 10- 11 10-3 4  10- sl  10- "

22b.0  20 20 10-8 69 60 10- 17 10- $
3 10- 4

9 10-"

10- 12 69 60 10- 17  10- SS  10- 40 10- 66

23a. 4 5 10 - 6 34 23 .500 10- S  10- 9 10- 1 3. P

I0-12 44 28 .500 10- 8 10-11 10 - 10 RL.V

23b. 10 11 10-8 84 67 .500 10-2 I0- s  10- 11 not, F

i0 -12 104 82 .500 10-2 10- 1 1011 

24a. 4 8 10-s 151 113 .759 10- 3 10- 6 10 - 1 .

10- 12 156 116 .759 10-8 10- 11  10-11 f,,.

24b. 10 20 10-s 80 62 .598 10 - 2 10- 7  10- 9 .R.

10-12 88 67 .598 10-2 10-10 10-9 uRE,. F

25a.0  10 12 10-6 11 10 3.16 10- 1
3 10- 14 10- 30 x

10i- 2 12 11 3.16 10- 1' 10- 14  10-81 I

25b.0  20 22 10-8 13 12 4.47 10-IO 10- 's  10-1O  x

10- 12 14 13 4.47 10- 13 I0- 14  10-31 x

26a.' 10 10 10- 6 28 16 .328 10-2 10- 7  10- 3 NEL. F

I0-12 37 21 .328 10-  10- 0 10- 8 8L. F

26b.0  20 20 10-s 57 40 .228 ('- s  10- 8 10-6 PEL. F

10- 12 71 45 .228 IJ-' 10- 1s 10- 6 NL,

27R.0  10 10 10- 0 15 13 3.18 10- 15 10- 11 10
- -

10-12 15 13 3.18 10- '3 10- 14  10-st

27b.0  20 20 10-6 5 2 19.7 Ion 10-12 I0n *,.
10- 12 is Is 4.47 10- s1 10- 13 10- 2't x

28a.0  10 10 10- 8 5 4 .412 I0-' 7  10- 16 10- 33 x
10-12 5 4 .412 10-'7  10-1" 10- u x

28b.0 20 20 10" 5 4 .571 10- 17 1 0 -I11 10-n x

102- i 2 5 4 .571 10- 17  10 - 16 10- 32
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Numnerical Besults for LNDER

in TOL max. iter./ 'll 112 1"112 Il' II2 et. Co"'.
step ealms. J evals. err.

29a.( 10 10 10- 6 5 4 .412 10- " 10- ' 10- 3 x
10- 12  5 4 .412 10- " 10 - ' iO-' x

29b." 20 20 10- 5  5 4 .571 10- 116 10 - 16 10- 32

10 - 12 5 4 .571 10
- 11 10- Is  10-1 2

30m." 10 10 10"  6 5 2.05 10- ' 6  10- 1$ 10-31
10-12 7 6 2.05 10- 16 10- s  10- 31

3Ob.0 20 20 10- " 6 5 3.04 10 - 15 
10 - 14  10- 3  x

- 1-12 7 6 3.04 jI81 10-14 10-30

31m." 10 10 10 " s 7 6 1.80 10 - 16 10 - 16 o lO-3 1

10-12 8 7 1.80 10- '1 10 - 1s  10- 31 x

31b.° 20 20 10-8 7 6 2.66 10- "a 10-14 10- 30 x

10 2  8 T 2.66 10- 19 10 - 14  10- 30 1

32. 10 20 10- a 3 2 3.16 10p 10
-

14 10- T A, aUL. •

10-12 3 2 3.16 100 10- " 10- " X. ROL. •

33.1, 10 20 10-8 3 2 470. 10 10-T 10-6 .m. .
10 - 12  8 2 470. 100 10- 7  10" ,tEL. F

34.' 10 20 10- 4 3 2 381. 10°  10- 6 10-6 aa. I
10-12 7 3 428. 10°  10 - ' 10 - 6 ..

35a. 8 8 10-s 40 21 1.65 10'-  10'-  10 - 9 ROL. P

10- 12  53 27 1.65 10'-  10-  10- ' ,. F

35b.0  9 9 1o- $ 12 9 1.73 10- '6 10- i s  10-82 x

10 - 2  13 10 1.73 10 - 16 10-  10'- S

35c. 10 10 10- 8 25 12 1.81 10'-  10- 6 10 - ' m.,

10 - 12  34 17 1.81 1 -  10 i-  -10- 5 ,.

36a.0  4 4 10 (4000) (3985) 27.9 10-7 10-7 1 - 13 , .

10 - 12 (4000) (3985) 27.9 10- 7  10- 7  10- "S  ,

36b.0  9 9 10- (5310) (5292) .30.8 10- 7  10- 7  10-14 TENS

10- 12  (5330) (5312) 30.8 10- 7  10 - 7  10- 14 TI.

36c. 0  9 9 1 0
- , 29 28 1.73 10-  10- 16 10- $  •

0 - 
1
2  40 33 1.73 10 - 7  10 - IT 10 - 34  x

36d. ° 9 9 10" (9000) (8982) 39.2 10 - 7  10 10- 14  
WM.

10- 12 (9000) (8.82) 39.2 10 - 1 10- 1 10- 14  , ,..

37. 2 16 10- 8 15 14 8.8.5 10' 10-  10 -  ia.,

10- 12  21 20 8.8s 10' 10 - 3 10-6 .

38. 3 1A 10- 4 18 16 26.1 10, 10-2 10- 6 N. P

10-12 28 26 26.1 10' 10 - 4 10-6 Pa., I



Numerical -lemilt, for LWDEA

i t, TOL initX. f "oe-./ I1rll, 111112 1. 112 e.t. ConV.
step evals. J evals. err.

39a. 2 3 10 -1 5 4 10-1 10-  10- 7  10- 7  MEL. F

I0-12 6 5 10-' 10't  I0-M 10- 7  
MEL.'

39b. 2 3 10-m 14 13 10-5 10-O 10-5 10- 7  w,. v
10- 12 21 20 b0-  10 ' 10- 7 10- 7 UE. F

Sc. 2 3 10 - 4 18 10 10- 3 10-  10- 1 10-7 UE.. F
10- 12 25 13 10- 1 10-  10 -  10- 7  

MEL. .

39d. 2 3 10- 8 20 13 h1- a  10- 1 10- 5 10- 7 MEL. F
10- 12 28 18 1O- , 10- T

-  10- 7  ML. I

39c. 2 3 10- 8 28 19 10-  10-1 10 - 4 10- 7  aE.
10i 12 44 31 10- 8 10-1 10- 7  10- 7  m. T

39f. 2 3 10-8 31 23 10-6 10"1 10- 4  10- 7  MI.. F

10 - 12 44 33 l0-  10- !  10- s  10- 7  ME.. V

39g. 2 3 10- s  39 29 i0- 6 10-1 10- 4  10- 7  ME.. F

10- 12 44 31 10- 0 10- 1 1 0
- 6 10- 7  ILE.. F

40a. 3 4 10-  6 5 10- 6 1op 10- 6 10- 7  MEL. '
10-12 9 8 1010 10-s  10-7  RUE. V

40b. 3 4 10- s  14 8 10-1 lop 10- ' 10- ? ME.
10- 12 17 10 10- 7 lop 10- 7  10-' ED,. P

40c. 3 4 10- s  16 8 10-  1p 10- S  10- 7  am,. 

10- 12 22 12 10- 7  0op 10- 7  10- 7  Mm. P

40d. 3 4 10- s  26 17 10- 4 10p 10- 4  10- 7  staL. v
i0- 12  40 27 10-1 1P 10- 7  10- 7  sm.. F

40e. 3 4 10-  90 76 10- 1 lOP 10- 4  10- 7  MEL. P

10- 12 146 125 10-6 10P 10-  10- 7  am.. F

40f. 3 4 10- s  180 158 i0-s  10P 10-  10- 7  LM.. •

10- 12 272 241 10- 7  1P 10- 6 10- 7  am.. F

40g. 3 4 10-6 206 184 10- 6  100 10-  10- 7  3.-. F

10- 12 319 287 10- 7  10P 10- 5 10- 7 aL. F

41 a. 5 10 10-8 4 3 I0- 6 10P 10- '°  10- 7  am. .
10- 12 4 3 10 - 6 ic0 10- 1°  10- 7  %m,. ,

41b. 5 10 10- s  4 3 10-1 Iop 10-  10- 7  MEL 7
10-t2 5 4 10- 6 10P 10- 0 10- ' 3ML. P

41c. 5 10 10-  6 5 10-  10e 10-
6 10- 7  M. F

10- 12 8 7 10-" 1o 10- 7  10- ' sNL. F

41d. 5 10 10-  15 11 10- 3 1P 10- 3 10- 7  
SUL.F

10-12 22 16 10- " 1P 10- 6 10- 7  
RML. •

41e 5 0 1 -8 29 8 1 -s  I~p 10- 4  10- 7  TI, '
41e. 5 to10 -80 29 1is c' 0 to-$ 0 'L Va.

10-12 38 24 10- 7  1p 10-" 10- 7  amL. 

41f. .1 10 10-A 57 46 10-6 10( 10- 3 10- 7  E.. F

i1 2  89 74 10- 7  1(P 10- 6 10- 7  RE.. F

41g. 5 10 I0-M 84 71 1o0-  I0" 10- 3 10- 7  SUE. F

iO- 12 144 123 10-  IO 10-f 10- 7  mEL. P
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Numerical re.mits for LMIDER

to its TOL max. f ir./ IIr 112 ll 112 119'112 est. ('
step evaic. J evais. err.

4 2a." 4 24 10-l 18 15 60.8 10- 1 10-11 lo0:  R

I0-12 19 16 60.8 IO-'s  10-" 10-26 x
42b." 4 24 10-  0.001 48 42 61.3 10- " 10- " 10- 2 x

10- 12 0.001 49 43 61.3 10- "3 10- " 10-25 x

42c.0  4 24 10-8 0.1 20 17 60.3 I0- 13 10- 1°  io-. x
10- 12 0.1 20 17 60.3 10- " 10- 26

42d.0  4 24 10-" 0.1 15 14 60.3 i0- 's  10- " 10- 6 •
10-12 0.1 16 15 60.3 10- 13 10- " 10- e  x

43a.0  5 16 10-6 0.1 14 11 54.0 10- 14  10-12 10-27

10- 12  0.1 15 12 54.0 10- 14  10-12 10- 28

43b.0  5 16 10-s 0.1 18 15 54.0 10- 14  10- 12 10-26 x
10-12 0.1 18 15 54.0 10- 14  10- 12  10- 78  x

43c." 5 16 10- 6 0.1 11 10 54.0 10-'4  10- 1  10-2 7  x
10 - 12 0.1 11 10 54.0 10- 4  10- 1 10- 27

43d.0  5 16 10- 4 0.1 22 18 54.0 10-14 10- 11 10-27  x
10-12 0.1 23 19 54.0 10-14 10-12 10-  x

43P. 5 16 10- " 0.1 12 11 54.0 10 -
14  10- 11  10- 27 x

10-12 0.1 13 12 54.0 10- 14 10- 12 10-2s x

43f.0  5 16 10- 6 12 9 54.0 I0- 14  10-12 10-27 1
10-12 13 10- 54.0 10- 14  10-12 10-27. •

44a.0  6 6 10-6 37 30 4.06 10- s  10- 1" 10-  x

10-12 38 31 4.06 10- 's  10- Is  10- 3 0

44b.0  6 6 10- 8 5 4 3.52 10- "* 10- "3 10- 2 •
10- 12 6 5 3.52 10- "' 10-1s 10- 29

44c.0  6 6 10-6 108 98 20.6 10- 14  10 - 1 10-

10-12 109 99 20.6 10- 1a 10- 11  10- 30 *

44d.0 6 6 10- 8 98 88 15.3 10- 'a 10-1 10- 29
10-12 99 89 15.3 10-i6 10-11 10-  •

44c.0  6 6 10-6 82 71 9.27 10- 11 10- 11  10- 28

10- 12 83 72 9.27 10- 14  10-11 10-2 s

45a.0  8 8 10- 9 47 35 4.06 10-  l-is 10-2p
10- 12 48 36 4.06 10- '$ 10-'5 10-  •

45b.0  8 8 10- f 5 4 3.56 10 !0- 's  10-29 ,

10-12 6 5 3.56 10-"3 10- "S 10- 29

45c.0  8 8 10- 164 148 20.6 10- 10-11 I0 - 28

10- 12 165 149 20.6 10-ia 10-" 10- 29

45d.0  8 8 10-4 144 133 15.3 i0- " 10-is 10-  x
1O-12 145 134 15.3 10- 11 10- 13 10 -

1

45e.0  8 8 10-8 30 119 9.31 10- 14  10-12 10"29'

10 2 131 120 9.31 10- 14 10- 12 10- 20
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5.7 Adaptive Special Quasi-Newton Method

(POnT/A(M DN2G/IL2SOL)

5.7.1 Software and Algorithm

The results were obtained using subroutine D52G, a double precision version of the ACM

algorithm L250L available in the PORT Library [1984]. A subproblem of the form
a

mm Qaep+ I PT( .Ik. + B)p

subject to IIDkp112 < 6k

is solved at each iteration for the step pa to the next iterate, where Dk is a diagonal scaling

matrix. The method is adaptive, so that Eg, is sometimes null and sometimes a scaled quasi-

Newton approximation to the part of the Hessian involving the second derivatives of I.

5.7.2 Parameters

Parameters were kept at their default values with the following exceptions:

IV(NXFCALL) - mnin (9999, 1000 * n) function evaluation limit
IV(XITUR) - min (9999, 1000 * n) iteration limit

V(.ACTOL) - TOL*TOL (varied; see tables) absolute function convergence tolerance
V(RFCTOL) - TOL (varied; "e tables) relative function convergence tolerance
V( ScTOL) - CM singnlnr convergence tolerance
V( ICTOL) - TOL (varied: see tables) r convergence tolerance
V( IFTOL) - ffalse convergence tolerance
V( LIAU0) - usually 1.0 (default) t initial trst-region diameter
V( LKAXS) - 1.0 (defitiut) step hound for singular convergence test
V(TUIUIlE) - 0.1 (default) re(uction test coefficient

t In some cues the default TR(LMXO) = 1.0 for the initial dinmietrer of the trust-region was too large
and overflow occurred during function e%-Alualion. These cases are indicated in the table by giving
the lower valne of V(LUAKO) that wai subsequently used to nbtain the results in the column laht'hd
"init. diam.".

See Dennis, Gay, and Welsch [1981a, 1981b)]. Gay [1983], and PORT [1984] for details concerning

the parameters.
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9.7.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria:

objective function : k T

objective gradient 9 k V 'r - 2.- fk

current step Pk, the minirnizer of the .,Iiprohlem{ sf 1 9 if 1l is positive definite;
Newton step : P undrfined otherwise.

Newton reduction :p = " Qk(PN) if lk is positive definite;
( 0 otherwise.

predicted reduction ,p, = -Qk(Pk)
actual reduction : P, = - )(2"k + Pk)

scaled distance :,(r. p D) = in&x1<i<% {(D(z -

max,< <, {1( Da) + I(Dv)1I)'

t Here vi denotes the ith component of the vector vi. There is a provision for the nser to
replace the function v; we used the default in all of the tests.

The convergence criteria used in DI2G are as follows:

* Absolute function convergence occurs at ak if

1l"k1 < V(kFCTOL). (5.7.1)

" Relative function convergence is intended to approximate the condition

T - -(r.) < v(lcroL) Fk I.

The test actually used is

p, v(ICTOL) I.tl . (5.7.2)

z a convergence is intended to approximate the condition

a,(:'h,, Dk) < V(XCTOL).

The test actually used is

pk = p. and (7k,7k + Pk, D) 5 V(RCTOL). (5.7.3)

a Singular convergence is intended to approximate the condition

- min {() I lDk(y - X)I <(LJIAXS)I < v(scTrOL) I.YI,



where Dk is the diagonal scaling matrix at the kth iterate - when none of the convergence

criteria listed above hold. It is meant to indicate relative function convegence when the Hessian

in the subproblem is singular.

The actual test is

"k - m in I IID&(y - z&)It < V(LRAIS)) < V(SCTOL) IFkJ. (5.7.4)

Under certain conditions, the test is repeated for a step of length V(LMAS).

* False convergence is returned if none of the other convergence criteria are satisfied and a trial

step no larger than V(FCTOL) is rejected. This usually indicates t;ther an error in computing

the objective gradient, or a discontinuity (in F or g) near the current iterate, or that one or more

of the convergence tolerances (V(RFCTOL), V(XCTOL). and V(AFCTOL)) are too small relative

the accuracy to which the objective is computed.

The test actually used is

7k - F(7k + pk) < I(TUERI)p, and 1(1k, 7& + pk, D) < V(XFTOL), (5.7.5)

where the parameter V(TUERI) is adjustable, although in these tests the default value 0.1 is

used throughout.

Except for test (.5.6.13). tests for convergence are performed only when

PA 5 2p,. (5.7.6)

See Dennis, Gay, and Welsch [1981a, 1981b], Gay (198.3]. and.PORT [1984] for more discussion

of the convergence criteria.

The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates.

A^85. P- (5.7.1)
RL. F - (.5.7.2) and (5.7.6)

x - (5.7.3) and (.5.7.6)
x. - (5.7.2) and (5.7.3) and (.5.7.6)

SINO. - (5.7.4) and (5.7.6)
FALSE - (5.7.15) and (5.7.6)
F LIm. - function evalnation limit reached

IME - time limit exceeded
LOOP - subroutine appears to loop

The total number of Jacobian evaluations is either equal to the total number of iterations of the

method, or it is one more than the number of iterations. The number in the column labeled "iter..

/ .7 eval%." is followed by a "+" if an extra Jacobian evaluation was used in the computation.
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Numerical Iesiilt. for DN2G

m TOL init. f it'./ II.r*1 2  IIf1112 IIq* 112

diain. evals. J emAi. err.
I.0 2 2 10 -A 14 II+ I.1 Il0 - l" I10- " 1 -  s 2  

AM- F
10- 12 14 II+  1.,11 0-

1 lO -
1.
s 10- 17 A"$ F

2.0 2 2 10- 4 10 8+ 11.1 tO, to - , to REL F

10-i 2 12 10 11A 101 10 -A 101 R.L f

3.0 2 2 10-' 64 50+ 9.11 10. 9  10 . ' 10
- 19  At.- F

10-12 65 51+ 9.11 10- 17  10-'2  10- 13 ADS. F

4.0 2 3 10-' 40 33+ 10A 10- 2  10-2 10- I

41 10-12 53 46+ 10 10-  10- 6 10- 12  1
5.0 2 3 10 -" 9 7+ 3.0.1 10- " 10- n 10- 21 AS •

I0-12 10 8+ 3,04 0.00 0.00 0.00 AR, •

6. 2 10 I0 -' 14 10+ .36.5 101 10-2 l0 -  nr. r

10-32 16 12+ .365 101 I0 -c 1 0 
-  RrL F

7.0 3 3 10-" 13 8+ 1.00 10"- , 10 -  10-21 ,AS r

10-12 14 9+ 1.00 10-23 10-1 10- 4.5 ,As. ,

8. 3 15 10-4 7 6+ 2.60 I0- ' 10-9 I0 -  " PtL
10-12 8 7+ 2.60 10- ' 10-  10- 8 BMt F

9. 3 15 10- 8 3 2+ 1.08 10- 1 10-12 I0- 14  x
I0 - 12 5 4 1.08 10- 1 10- 6 10- 14 . ,.aL.

10. 3 16 10-4 132 120+ 104 10' 10- s  10-  X. it .r
10-12 133 121 W 10 I0 -

3 10-6 1. tCL. F

11.0 3 10 10-4 (3000) (2953) 239. 10-2 10' 10- ' F LIM

10 - 12  (3000) (2953) 239. 10 - 2 10"6 10 - 5 F LIM.

12.0 3 10 10- 4 8 5+ 10.1 10- 1°  10-10 10-19 AB.s

10- 12 9 6+ 10.1 I0- 16 10-16 10-2 ADS F

13.0 4 4 10- 8 19 16+ 10-  
1 0 -4 10- 12 10- 17 AIS F

10- 2 25 22+ 10 - 1 10
- 12  10 - 1 7  10 - 24  

Ass F

14.0 4 6 10 - 6 52 40+ 11.00 10 - 9  10 -7  10-  
ABS •

10i 12 53 41+  2.00 0.00 0.00 0.00 As. •

15. 4 11 10" 1 q 9+ .328 10-2  10- 0 lo-9 me.

10-12 12 10+  .328 10 - 2  io i0 - 9 E

16. 4 20 10-' 21 I.I +  17.6 102 10-2 0
-  

BPL F

10- 12 22 1 r+ 17.6 102 10 - 4  104 PeL. r

17. 5 33 10- l 26 20+ 2.46 10-2 i0 -
, 1 0 -ti ,rt r

I0 - 12 27 21+  2.46 i0 - 2  10 -  10'- " ELLF

18.0 6 13 10-  45 32+ 12.3 10- 9  10- 10- s'' A S F

10- 12 46 33+ 12.3 10- " I0 - '  I0-  
ABs, F

19. 11 65 10- 6 20 13+ 9.38 0-i' 10- 10- 8 NR~L F

10-12 22 15+ 9.38 10- 1 10- 9  i0-cr RL F

91



Numerical Results for DN2G

,, 111 TOL init. J iter../ lI 112 Il*112 II112 e.t. Co,,.
diam. evl.1. J evale rr.

20a. 6 31 10- 6 13 9+ 2.44 10 - 2 10-0 10- 1 NFL. T
10-12 13 9+ 2.44 10 - 2  10- 9  10 - In fJ. F

201. 9 31 10 - 6 12 9+ 6.06 10-  10- 11 10- 1 3 .. p

10- 12  15 12 6.06 10- 2 i0- 4  10- 1" x. R.L. r

20c. 12 31 10- 4 14 11+ 16.6 10- 5 10- 3  10- 1' RL F

I0-12 14 I1+ 16.6 10'- 10- 13 10 - 16 MEL.

20d. 20 31 10 - 6 8 6+ 1.11 1 0
- 8 10- 13 10- 31  

Af. F

10 - 12  (471) (137+) 1.18 l 0 -A 10- 4  10- 1 LOOP

21a.0  10 10 10- 6 27 17+ 3.16 10
- 11 10-14 10- "1 AnS. F

10 - 12 27 17+ 3.16 10- ' 10- " 10 - 31 Ass,

21b. n  20 20 10 -  16 12+ 4.47 10 -
1s 10 - 14  10 -

3 ADS. v

10 - 12 16 12+ 4.47 10- 16  10- 14  10- 31 ADs. F

22a." 12 12 10- 8 19 16+  10- 4  10 - 1 10- 12 10-17 A .S. F
10- 12 26 23+ 10- 6 10- 12 10 - 11 10-24 ASs. r

22b.0 20 20 10 - s  20 17+ 10 - 4  I0 -  10- 12 10- 17  A. F T
10 - 2 26 23+ 10- 6 10- 12 10 - ns  10- 2 4  ASs. F

23a. 4 5 10-  36 26+ .500 10- 3 10 - 10 10-10 l r.. P
10 - 2 37 27+ .500 10 - 3 10-10 10 - 10 ASL. r

23b. 10 11 10- s  61 46+ .500 10-2 10- 7 10 -  ,.1 , F

10-12 68 50+ .500 10- 2 10 - '0 10 - " RCL. F

24a. 4 8 10- 8 139 110+ .759 10-S  10- 7 10- 11  NFL. V
10- 12  142 113+ .7.59 10 - 3 10"11  10-1 1  ,INL. V

24b. 10 20 10- 6 129 101+ .598 10'-  10- 7  10- ' 11L. f
10- 12 138 108+ .598 10 - 2 10- 8 10- 9 kL. F

25a.0  10 12 10-  1.5 10+ 3.16 10- 12 10- ]1  10- 24 Apt. P

10- 12 16 I1+ 3.16 10-Ks 10- " 10- 31 x

25b." 20 22 10- 8 19 12+ 4.47 10- A I 0 10 - 9 x
10- 12 19 12+ 4.47 10- 1' 10- 's 10- 2 ADS,

26a.. 10 10 10- 6 11 7+ .306 10- 9 lO- ,n  10- , Ai.. F

10 - 12 12 8+ .306 10- 10-
'" 10-  

AW, F

26b. 20 20 10-  39 25+ .228 10- 3 10-  10 •AW. v
10 - 12 42 27 .228 10- " 10- 110 in - ,,-

27a.0  10 10 10- 8 8 6+ 3.18 10- 0 10 - nn1 10 - 21 APP F

10 - 12 9 7+ 3.18 10 -i1 10 - 4  10 - 29 AS F

27bf 20 20 10- 8 11 8+ 4.47 o-A j 0-  
10

- 1  ADS.r
10-12 12 9+ 4.47 I0 - I  10-

D 10-27 AS F

28a. n  10 10 10- 8 4 3+ .412 10- '5 10- 6 10- 1s AsS. F

10- 12 4 3+ .412 10- 'a I0 - 1 10 - 31  
ADS. F

281. n 20 20 10- 8 3 2+ .571 1 0 -A 10 -
1 10-16 Ass.

0- 12  4 3+ .571 10-1' 10- 16 10- 32 ADS.
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NumericM Reqn1ts for DN2G

it f TOL init. f iterm./ 11 11"1112 11112 e. onv..
lian, evils. .1 evals, err.

29a." 10 JO 10" 4 3+ .12 10- 14 10- 10 29  
AP! F

1 4 3+ .412 10- 4  10 -  10- " Ans r

29b." 20 20 10" 4 3+ .571 t0 -  10- 14 10 - 2  
A F V

10 - 12 4 3+ .57I 10- 14  10- 1  1o- 2 AS$ V

30a.0 to 10 1o-, 8 .5+ 2.05 10- " 10 - " 10- 1a Al, •
10 - 12  9 6+ 2.05 10 - ' I0 10- 31 A mg r

30b. 0 20 20 10- R 8 5+ 3.04 10- R 10 ' 10-1 ? AS F

1o - 12  9 6+ 3.04 10- " 10- " 10-sn AAS F

31a." 10 10 10-  10 7+ 1.80 10- 12  10- 11 10-23 AS. F

I0 - 12  11 8+ 1.80 1 0
-11 10- 16 10- XI x

31b.0 20 20 l0 -0 10 7+ 2.66 10- 1 10- 10 10-21 AS$ F

10-12 11 8+ 2.66 10- 1s  10- 14 10- 30°  
ADS.

32.L 10 20 IO- R 5 2 3.16 I0 °  10-14 10 - 1 x. a. •
I0 -

12 5 2 3.16 I0 °  I0 - " 10
- t X. CL. V

33.L 10 20 I0- t  18 5 20.2 I00 10- 1" I0- 6

10 - 12  18 5 20.2 I0 °  10- " 10 - 6 ,,,
34.L 10 20 I- 13 5 7.24 100 10 - 10 10 - 6 .,

10 - 12  13 .5 7.24 10 10- 11 10- 4 SG.

35a. 8 8 10-  23 14+ 1.65 10- 1 1O-1 10- 9 .
10- 12  24 15+  1.65 10'-  I0-1 10- 9 AL. F

35b.0  9 9 10- I 11 7+ 1.73 10- 12  10- 12 10-24 AS%.
10 - )2  I I -,+ 1.73 10- 12  10- 12 10- 24  ABO. F

35c. I0 I0 I0-8 17 124. 1.81 10- I  10 - 7  10- 3 R.. F

I0 - 12  19 1,1 1.81 10- 1 J0- 1 10- 3 EEL. r

36a.0  4 4 10 A (4000) (398) 27.7 10-  10' 10-i •,

10- 12  (4000) (3988) 27.7 10- 7 10- 7  10 - '3 F ,L.

36b.0  9 9 10-i (9000) (8977) 35.5 10- 7 l0 - * 10- 14  ,
10-12 (.000) (8977) 3,.5 10- 7 10 -R 10- 14 i,

36c.) 9 9 10I 16 15+ 1.73 10-" 10" 10- 1' A"- v

10- 12  22 21+ 1.73 10- 12  10- 12 10- 24 An$ F

36d.' 9 9 ot (9000) (WA6,) 38.4 10- 7 10 - 1 10- 14  , ,A,
10 - 12  (9000) (8966r,) 38.4 10 -  (0)- 7 1 - I 4 , ¢,

37. 2 16 10-A 10 8+ 8.85 10' 10 - ' o- , AF.L. V
10-12 11 9 8.85 10' 10 1 0 - .,

38. 1 16 10-' 10 8+ 26.1 10 10- 2  10- 6 .
10 - 12  12 10+ 26.1 1t  10- 7  10-  IML V
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Nuimerical Ilesulls for DN2G

in TOL init. f it-mA/ 1kX11' 111*112 hg 9112 et

diamn. evals. J evals. err.

39R. 2 3 108 5 4+ 10-0 t 10 -I(F' 107 1P
10-12 5 4+ 10-7 to, 1-10 10-7 MEL P

39h. 2 3 10- 6 5+ to0- to0' 10-7 10-7 Mr,,

I0~26+ i t- i-' 10-9 lo' RL

39c. 2 3 106- 4+ to o', 10o7 lo
10-12 8 5+ to- to0' 10-10 10 RL.

39d. 2 3 108 5+ 10- 10', to- 107 MELr
10-12 8 6+ o- to- 1 10l 0 10- it tL. ,

39e. 2 3 108 9 6+ I0-A to0' 10- 101ML
io012 10 7+ 10 A O~ 1O-1 0 1 10-7 MEL. P,

39f. 2 3 10- 14 10+ l10 10', 106 to-, fiL I,

10215 11+ 10o to-, 10o 10' MEL. F

39g. 2 3 to0, 18 12+ to0- 10'1 to- 10' MEL. F

10-17 20 14+ to0' to0' 10" 10-7 MEL. F

40a. 3 4 108 7 6 10-1 10'P 101 10-7 MEL
i12A 

,l 1 4-
7_____________ 6 W Auo-,1-

40h. 3 4 108 7 r..4 10-, lop io0" 10-7 itL. F
10-17 11 9 to0, 100 10-14 10-7 .EL ,

40c. 3 4 10-0 9 6+ to-, .0 FO 0 E.

10-12 10 7+ 10? 10e 10-9 10-7 ME F

40d. 3 4 108 9 7+ 10-7 10 0-0

10-12 9 7+ to-- P 10-8 10-7 Rr.

40e. 3 4 1O'6 10 9+ in-, NO 10-f 107 MEL.
io 1 11 10+ o 1010 10-' 107 ?tEL. Ir

40f. 3 4 10& 13 10+ 10-f 100 10- 10O7 It L. F
io012 14 11+ to-,, 10') 10- 10-7 MEL. F

40g. 3 4 10- 23 16+ to- I in0  10-4 10- M.

10-12 25 18+ 100 10op 10-1 10-7 MEL. F

41 v. 5 10 108 4 3+ 10-1 iGn 10-'a 10- 91L
10-12 4 3+ 10'A ]Or 10-'o to-' MEL. I

41b. 5 10 104 4 34 to"A i00 to- 10-7 ME,.

o-5 4+ to-, 10oo to-,' to0-, RE P

41c. 5 10 I0o 6 .5+ to 10 ( o a0 to0 10 NL p

io012 6 .5+ l0" 10" 100 10-7 OL. V

41d. S~ 10 10" 9 7+ l0-r to 105 10-7 Pr
10-12 11 9+. 10- l0p 104 107 RaL, v

41c. .5 10 t0-$ 17 13+ t 0 -,, 100 10-5 107 MEL

41f. .5 10 Jo-s 24 19+ 10-1 10n 10-4 10-7 MEL. V
io012 27 22+ o-? 10n 10- 10- 7  OWL. F

419. .5 10 10- 29 22+ to0' Ion 105 l-, 1CF
30-12 30 23+ to-, 1or 1o- 10-7 E
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Numerical ]Rcsiilt- for DN2G

N ,) TOL init. f iterv./ I1.r 1, lIf112 Hll 1 et. , '
diam. evals. J e'als. rrr.

42a." 4 24 10" 0.9 29 19+ 60.8 iO- 3 1OIb 10-2
"  it

10-12 0.9 29 19+ 60.8 10- . 10- In  10- 21 A.F

42h.0  4 24 10-8 0.001 74 48+ 61.3 10- " 10-  10 - 2-%
10- 12 0.001 74 48+ 61.3 10- " 10- 11 I0 - 21, ADS F

42c.0  4 24 10- 8 0.01 32 19+ 60.3 I0- 13 10- 0 10-  x

10- 12  0.01 32 19+  60.3 10- 1 10 10- 21 AS F

42d." 4 24 10-8 23 18+ 6).3 1O-In 10- 7  10- 9  ,

10- 12 24 19+ 60.3 10-' "  10- 1" lo- 2A x

w 43a.0  5 16 10-A  31 22+ .54.0 10- 12 10- 10 10- 24  APS T

10- 12 32 23+ .54.0 10- 14  10-i 10- 2A x

4 3b.n 5 16 10-A 20 13+ .5,1.0 10- 12 10- 10 10- 24  A ,
10-12 20 13+ .54.0 10- 12 10- |1 10-24 An- F

43c. .5 16 10- A  34 26+ 53.6 10- ' 10 - T 10-2 DEL F
10- 12 41 33+ .53.6 10 - ' 10- In 10- 2 DL

4 3d." .5 16 10" 17 11+ 54.0 10- 14 10"- I 10-27 ,

10 - 12 17 l1+  54.0 10 - 14 10- 11  10- 7T  ADS.,

43e.0  5 16 10-  28 18+ .54.0 10-1 10" 10-22 ADS. •

10-12 29 19+ 54.0 10- 14  10-12 10-2 T  x

43f.0  .5 16 I0-8 20 15+ .54.0 10-'2 10-'o 10- 2  ADS,
10-12 20 1.5+ 54.0 10- 12 10- 1 10-

2' ADS. F

44a.0  6 6 10- 6 58 41+  4.06 10-  10- 4 10- 20 ADS.

10- 12 59 42+  4.06 10-15 10- IS  10 - 30 ADS. r

44b.0  6 6 10- 8 7 6+ 3.52 i0- 14  10- 12 10-"#
10-12 7 6+ 3.52 10- 14 10-12 10 -24 ASS F

44c. n  6 6 10- 8 93 84+ 20.6 10-I1 !0- I( - 19  ADS F

10- 12 94 85+ 20.6 10-" 10-Il 10 - " ADS. F

44d.) 6 6 10- A  97 81+ 15.3 10-  10-  10- 2 
A0 F

10- 12 98 82+ 15.3 10- 1 10- 11 10- 28 x

44e.0 6 6 10- 1 83 72+  9.27 10- 14  10-12 10-29
10-12 83 72+ 9.27 10- 14  10-12 10- 7p Af P F

45a.°  8 8 i0- 4 65 I5+ 1.06 10-Il 10-  10- 2 ,2 F

10- 12 66 46+ ,.06 I0- ' 10
-IA 10- '* A F

45 b." 8 8 10- 1 8 7+ 3.S8 I0- "' 10" 10 -
2 A.- I

10-12 8 7+ 3..r6 10-1 "  10- 12 1 0
-

7' A.1 F

45c.0 8 8 10- 8 129 123+ 20.6 !0 
-  10- 10

-4  i p. r
10-12 130 124+ 20.6 10- s  10 - n 10- " ADS. F

45d.0  8 8 10-4 168 114+ 15.3 10- 14  10 -11 10)- " 1

10-12 168 144+ 15.3 10 - " 10-" 10- 29 ADS F

45e.0  8 8 10- 8 173 165+ 9.31 10- '5 10 - 12 10- 2 x
10- 12 173 165 +  9.31 10- '3 10- 2 10- " ASD, F
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5.8 Corrected Gauss-Newton Methods

(NPL/NAG LSQSDN and LSQFDQ)

5.8.1 Software and Algorithms

The results were obtained using subroutines LSQSDi and LSQFDQ implementing corrected

Gauss-Newton methods from the National Physical Laboratory, which are available at Stan-

ford Linear Accelerator Center. A subproblem of the form

rin gkp+
PEIii it, + !k 1 ( 7 .4 + B1 P

suhject to .I[p : -fk,

is solved for a search direction pk, where m is interpreted in a least-squares sense using

the singular-value decomposition (see Chapters 3 and 4). Subroutine LSQSDI requires exact

second derivatives for the term Bk that involves the second derivatives of the residuals,

while LSQFDQ uses a quasi-Newton approximation. The linesearch algorithm used within the

subroutines requires both function and gradient information (see Gill and Murray [1974],

for details). These subroutines are similar to those available in the NAG Library [1984] for

solving nonlinear least-squares problems :LSQSDi corresponds to NAG subroutine E04BEF

and LSQFDQ to NAG subroutine EO4GBF.

5.8.2 Parmeters

LSQSDI and LSQFDQ have the same set of input parameters as the corresponding software

from the NAG Library [1984]. The values chosen are listed below.

RAXCAL - min (99C, 1000 * n) function evalnation limit
XTOL - %Aried: see talks accuracy in r
ETA - 0.9 linenearch accuracy

STEPNX - usnally in' (default) t maximnm step for line earch

t In some cases the default STEPMX = 106 was too large and overflow occurred during function
eValuation in the linesearch. These cases are indicated in the tables by giving the lower value of
STEPMX that was subsequently used to obtain the results.

See the NAG [1984] manual for details concerning the parameters.
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5.8.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria

objective rnction = .fTfk
objective gradient 9k =V.F = 2JTf

%earch direction pA., the mini1i7er of the .nbprohlem
steplength : , determined by the liniescarch

An iterate is determined to be optimal by LSQSDI and LSQFDQ if

r:k <E, (f5.8.1)

or

119Jl12 < 1,,111i112 (5.8.2)

or if the following three conditions hold :

'k llPk II2 < (xTOL + c,,)(1 + IrI 112) (5.8.3)

and

Y'r,_,) - Yr < (xTOL + rJ,)2(1 + Ir",) (.5.8.4)

and

ILq 112 < I/,(3 , + I ',1). (5.8.5)

Conditions (S.8.3) and (5.8.4) are meant to ensure that the sequence ri has converged,

while conditions (5.8.2) and (5.8.5) are intended to test whether the necessary condition

that the gradient vanish at a minimum is approximately satisfied at rk. Condition (S.9.2)

allows the algorithm to accept a point as a local mimimum if a more restrictive test on the

necessary condition than (5.R..5) is met, even if conditions (5.8.3) and (5.8.4) do not hold.

For the zero-residual case, condition (5.8.5) specifies that the method may also terminate

when 11112 is no larger than the relative machine precision. For a detailed discussion of

convergence criteria similar to these, see Sections 8.2 and 8.5 of Gill, Murray, and Wright

[1981]. In particular, Section 8.5.1.3 treats special considerations relevant to nonlinear lea.;

squares.
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The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates :

)PT optimal point found

- current pniolt ca lanot he improved t
P 1,% I function evalutaion linit r'etached
'rlir tine limit exceeded

t A ' correspondsk to the -i6tuafion in which the algorilhin terminates due to failusre in the
lineenrch to find an a ceptahle step at the curreut ite!-rntion.

9q)
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Nume-rical Re.iults for LSQFDQ

II i, xTOL max. f. J it'r. r, 12 l'f 11" 2  er . ,-,,.
step evals. err.

1.0 2 2 1 0 - 31 12 1.41 0.00 0.00 0.00 nprr
1O- 12 31 12 1.11 0.00 0.00 0.00 orT

2." 2 2 10- 36 26 11.4 10' 10 -  10'
10- 36 2 r 11.4 10' 10 -8 101

3.0 2 2 10- 47 25 q. 1 0 -1l 10 - S  10- 20  *

10 - 12 47 25 9.11 10 -l 1o-  10-  *

4. 0  2 3 10" 64 20 10 4' 10-p 10-i 1 0 -I *

10-12 64 20 10 10 -  10- s  I0-  *
5.o 2 3 10-4 14 9 3.04 10-14 10- s  

10 -2A *

102- 1 14 9 3.04 10 - 14  10- 1S 1 0 -2A *

6. 2 10 10" 54 28 .365 10t  t0, 10-6
0-12 54 28 .365 10' 10-  10-  *

7.0 3 3 10- 20 13 1.00 10- 1 10 - 11 10-23 *

10-12 20 13 1.00 10- , 10-i 102 *

8. 3 15 10" 13 12 2.60 10- ' 10 - , o- '  P
T.

10-12 13 12 2.60 10- ' ] 0 - 'o 10-8 OPT.

9. 3 15 10-A 3 2 1.08 10-1 10- 12 1 0 - 14 oT.
10-12 3 2 1.08 10 - 1 10- 12 10- 14  OT.

10. 3 16 10- 4 18 10 1o4  10' lo 10- ,
10-12 18 10 1o 10' lOs  10- 6

11.0 3 10 10- 8 69 31 60.8 " 10-2 10-9 10- 4

10-12 69 31 60.8 10-2 10- 9 10- 4

12.0 3 10 10-4 12 8 10.1 101 °  i0 - 10 o-9 
10-12 12 8 10.1 10- 10 10- 10 10-o *

13.0 4 4 10- ' 18 17 10 -  10- 9 10- i" 10- "8 OPT.

10 - 12 18 17 10 10- 10-  10
- IA IT.

14.n 4 6 10-4 81 58 2.00 10- 9 10-  10- 1 *

10- 12 81 58 2.00 10- 9 10 - ?  10-1

15. 4 11 10-8 30 22 .328 10- 2 10- 1 10-9  oPT

10- 12 30 22 .328 10-2 -  10 -  
AT.

16. 4 20 10- 4 62 39 17.6 102 10 -  10-s *
10 - 12 62 39 17.6 102 10 - 4  10 - 9 a

17. 5 33 10 A 19 i! 2.46 102 0- to-'
10-12 19 11 2.46 10- 2 to-, 1o-0 a

18. °  6 13 10-  102 (6001) (4108) 756. 10 - 1 10 - 3 10 -

10-12 102 (6004) (4108) 7.r6. 10- 1 10- 3 10-

19. 11 65 10-  33 22 9.38 10-' I0-6  10-  *
10-12 33 22 9.38 10 -  10- 4 t0o- ,
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Nunerical Results for LSQFDQ

it , xTOL max. f, J it.r. 11'*112 11f 111-II* 112 ,tt v

atep evals. err.

20a. ( 31 to -  32 28 2.44 10-2 0
-  0 *

10 - 12  32 28 2.44 in - 
- 0-7 10-10 *

20h. 9 31 10-  6 5 6.06 10- 3 10- 1 1 opt

10-12 6 5 6.06 10- 3 10-11 10
- S oPT

20c. 12 31 10- S  6 5 16.6 10-  o-' 14  10 - o t

10-12 6 5 16.6 10' 10 - 14  10 - K OPT

20d. 20 31 10-  18 11 247. 1n- 11 10 - 12 10- 24 *

10- 12 18 11 2,17. 10- M 10- 12  10 - 24 *

21a.0  10 10 10-  31 12 3.16 0.00 0.00 0.00 of.

10 - 12 31 12 3.16 0.00 0.00 0.00 orr.

2lb.0  20 20 10 - 4 31 12 4.47 0.00 0.00 0.00 orT*

10-12 31 12 4.47 0.00 0.00 0.00 OPT

22a.0 12 12 10- 4 18 17 10- 5 10- 9 10- I s  10 - o.

10- 12 18 17 l0 - S  10- 9 10- 3 10 -i8 ot

22b.0  20 20 10- 6 18 17 10-  10- 9 10-" 10 -  o,

10- 12 18 17 10- 5 10- 0 10- 18 10-'m OPT

23a. 4 -5 10- S  80 52 .500 10-3 t0 - 1 10 -i0 OPT.
10-12 80 52 .500 10- ' 10 -

10 10 - 10 OpT.

23b. 10 i I0-  143 78 .500 10- 2 10- 9 30 - 1 1  nrT

10 - 12 143 78 .500 10~ 2 10 - 9 10- 11 oT.

24a. 4 8 10- s  411 370 .759 10- 3 10-1 °  10-11 oTt.
10i 12 411 370 .7,59 10- 3 10-10 10-1 1 O T

24b. 10 20 10- 8 102 566 501 .598 10-2 10-' 10- 9 OPT

10-12 102 566 501 .598 10- 2 10-  10-' OPT

25a." 10 12 10- 8  16 12 3.16 10-  to - , to - I  *

10i 12 16 12 3.16 10 -  10-  10 -  *

25b.0  20 22 10- 8 18 14 4.47 1o- * 10- 7 i0 - t

10i 12 18 14 4.47 10" to-? 10-T *

26a.0  10 10 10-s 22 11 .306 10- t  10-11 10-22

10- 12 22 11 .306 10- 11 10-  10 - 2 *

261.' 20 20 10- A 18 9 .208 10 -1fl 10-10 10- O

10 -12 24 12 .208 10-1A  10-  10"-  *

27. 10 10 10 -  102 26 13 3.18 10-
13 10-

13 o- 2  *

10-12 102 26 13 3.18 10- ' 10- 18 10- ' *a

27b.n 20 20 10- 8 10.0 31 17 4.47 1O- i  10-"' 10
-

7n *

10-12 10.0 31 17 4.47 10- In  0-In 10-2 n  *

28a.n  10 10 10- s  4 3 .412 10-13 10-16 10- 11 O,-
lO-12 4 3 .412 1 - 'r 10- '1 t0 -  OPT.

28b.0  20 20 10- 8 4 3 .571 1 0
- 11 10- ' 10- 32  OPT

10 - 12 4 3 .571 10- l", 10 - 101 10- 12  OPT
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Numerical Ikesnlts for LSQFDQ

n M XTOL max. f, J 'tr i' llr 11 12 2 gh'l2 11-t 112
step evals. err.

29s. n  10 10 10- * 10 6 .112 io - 14  0- 14  0 -w 2 9

10-12 10 S .A12 0 - 1 1 0- 14  10 - 29  *

29b." 20 20 lOi 10 6 .571 i-'1 4  1o-1 4  10-21 *

10 - 12 10 6 .571 10- 14  10-1 4  10-21 *

30a.0  10 10 10- 11 7 2.05 10- 9  10- 0 i0- l  *

10- )2 11 7 2.05 10- 9 10- 9  10 - 4 *

30b." 20 20 10-4 11 7 3.04 10- 9  10-9 10 - 14 *

10-12 11 7 3.04 109 109 10-101

31a.0  10 10 10-8 12 8 1.80 10- R  10- 7  10 - 1 *

I0-12 12 8 1.80 lO-it 10 - 7 10 - 1f *

31b.0  20 20 10- 12 8 2.66 10- 1 10 - 1 10
- 1  *

10- 12 12 8 2.66 10- 10- 10- 6 *

32." 10 20 10" 2 1 3.16 Io n  10 -14 10-  oPT

10-12 2 1 3.16 10°  10 - 11 10-16 o??
33. L  10 20 10- A  2 1 1.46 ice 10 - 9  10- 6  OP.

I0 - )2 2 1 1.46 100 10 - 9  10-6 or.

3 4
.L 10 20 10- 8 2 1 1.78 100 10- 9 10" Ot

I0-12 2 1 1.78 I0 10 - 9  -10 OT.

35a. 8 8 1O-ft 10.0 87 35 1.A5 10-1 ]0-8 10- 9  *

10 - 12 10.0 87 35 1.65 10- ' 10
- S 10- 9

35b. 0  9 9 10- 8 34 14 1.73 10-'o 10- 'o 10 - 2 1

10 - 12 34 14 1.73 10- 1o 10 - " 1 0- 21

35c. 10 10 10"8 10.0 73 33 1.81 10- 1  10- 9  10-  *

10-12 10.0 73 33 1.81 10- 1  10- 9  10-  *

36a.0 4 4 10- 8 44 25 50.0 I0- 1 10- 14  10 - 31 *

10-12 44 25 50.0 tO-15 10-14 10- 31

36b." 9 9 10- 8 44 25 50.0 10- 13 10- 11 10 - 3

10-12 44 25 50.0 10-11 10- 11 Io - 'l  *

36c. 0  9 9 10- 4 28 27 1.73 10-'1 I0- 11 10 - 32

10- 12 28 27 1.73 10- 21 1 0 -11 10 - 32 OrT

36d.0  9 9 104 424 100 232. 10- 'o 10- 9 I0-"
10-12 424 100 232. 10- ' 10- 1 10- 2n

37. 2 16 10-" 25 23 8.85 10 10 - 4  0o-  *
10 - 12 25 23 8.85 10' 10 - 4  10- 1

38. 3 16 10- * 30 26 26.1 10 10 - 1 10-  *
10 - 2 30 26 26.1 10' 10 - 6  10-6 *
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Nimierical flesulkt ftr LSQFDQ

14 a XTOL 1inx . J iti'r,. WI 112 11*111 -*112 e ct. o
Mtep evak'. CT.

39a. ' 31 10- 17 16 1O 0 10' o- 1 0 -1, 10 P

10-12 17 16 to- 4; l- 10-9 lo0- OrT

39h. 2 3 10-4 241 23 10-7 to-, 10-9 10- OFT.

39c. 2 3 10- 8  22 Is 10-T 10- 1  10-8 10-T P

io012 23 19 10-T 101 109 10-7 OT

39d. 2 3 10-8 31 26 10-7 10'1 10A 107 T

io-12 32 27 10- 7 r 10 1 to 10-7 OPT

3 9c. 2 3 10-1 32 26 1 0 -ft 10-1 1 0 -8 10-7

10-12 32 26 10-8 10-1 io-R 10-7

39f. 2 3 10-1 43 27 10-1 10- 1  iO 10 *o

10-12 43 27 1o-p 10' 1O-f 1O0 *

39g. 2 3 1O-1 49 28 1o-p 101 10-1 icr'

11249 28 10- 1-1 10-6 10-1 *

40R. 3 4 1O-8 18 17 10-6 l0p iO-8 icr' OP

i1218 17 1 0 -1 lo 1O-1 10-7 OT

40b. 3 4 1O-1 19 17 10-1 10" 10-' 10-' 11T

i-219 17 10- 6  lo" 10-9 1o- 7  OPT.

40c. 3 4 1O-8 27 22 10-7 10" 10-8 i0-r O?
ior'2  27 22 10-7 ed 1o-4 10-7 OPT

40d. 3 4 10-8 33 26 10-7 100 icM lo-" o?

10-1 2  34 27 10r' 7 l" 10-1 lo" or?.

40P..3 4 icr11 70 39 lo" 100 10-1 10' OT

10-12 72 40 10-7 Ion lo-M 10-T

40f. 3 4 10-1 92 43 10-8 100 10-6 10-7

i1292 43 10-4 loo 1-9 10- 7  
*

40g. 3 4 10-6 10' 123 53 10-1, 10" 10-6 10-7

10-12 10e 123 53 1cr9 lop Icre 10-7

41at. 5 10 10-4 8 7 10-11 o 10' lo cr'o OPT.

10-12 8 7 10-11 io" 10-p 10-7 OP.

411). 7) 10 10-8 18 13 I0'f. 10"n 10-1, 10-7 F

10-12 18 13 10"C 10" 10-1 o-, OT

41r. ? 10 i0-8 21 18 i0-R 10" 10"p 10-7 OF

io-12 21 18 ic" 10o" 10-p 10-7 OT

41d. 5 10 10-4 38 28 icr1 I o" 10-p 10-7

ior'2  38 28 10- 4r OI"d 10-1 10-7

41e. R lo 10 i6r 47 37T I0o- 10"lop cr i4r10 *

10-12 47 37 10 J- Io" jic 10- *

41f. .5 10 10-4 54 45 10-1 10"p 10 A1 10-7
io-12  54 45 10- 7  10" 10-4 10-7

419. 5 10 10-8 62 52 10-4 10" 10-1 10-7

i o- 
2  62 52 10 -4 lo 10-1 10"
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Ninmirical R!-itlt. for LSQFDQ

III XTOL max. f, .1 it'rA. 1.r 112 1i 1 111 1I12  err. cony.
step evl, err.

42a.°  4 24 10-" 10.0 73 619 63.5 10-  10- 4  10- 1 *

10- 12 lO.0 73 .19 G3.5 10-7 10- 1 10- 1"

421. n  4 24 10" 2.0 94 71 61.9 10- 1 I0-- I0- 0 *

i0- 12 2.0 94 71 61.9 I0- n  10- 7 10
-

19 *

42c." 4 24 10-" 5.0 46 30 60.3 10- 3 10- 3 10- 11

10- 12 5.0 46 30 60.3 10-  10- 3 10 - 1 *

42d.0  4 24 10 -" 5.0 27 19 60.3 10- 5 10-  0-10 *

IO- 12 5.0 27 19 60.3 10- - 10- 3 I0
- n  *

- 43a." 5 16 10- I 10.0 33 18 51.0 I0 10- A lO- l7

10-12 10.0 33 18 54.0 10- ' 10- A 10-17

43b.0  5 16 10-  10.0 45 21 5t o -10-8 10-1 o- -

10 - 12 10.0 45 21 5.0 10 -1 1 0
-
A 10 -111

43c.( 5 16 10" 10.0 33 18 54.0 10 - 10- '  10'-
I0- 12  10.0 33 18 541.0 10-" I0-1 I0- 101

43d.0  5 16 10 -m 10.0 38 20 5-t. 10-' 1 o- io
10- 12 10.0 38 20 54.0 10-9 10- 7 10 -111

43e.0  5 16 10" 10.0 27 14 .,- 10-10 o-" 10-20
10-12 10.0 27 14 54.0 10-'0  10" 10- 20'

43f.0 5 16 10-6 31 19 54,.0 10-8 10-4 1O0'1 ,
10- 12 31 19 54I.0 10- 9 10- 4 10- 1

44a.0  6 6 10- 97 28 4.06 10" 101- i-2 l

10- 12 97 28 4.06 10-  10-10 10- 23

44b.0  6 , 1 0  
10 6 3.52 10-' 10- -  10-3

10-12 10 6 3.52 10-  10-6 10-1 3

44c.0  6 6 10- 47 19 20.6 10-' 10-'- lo-

I0- 12 47 19 20.6 10-' 10- 3 10-i

44d." 6 6 10- 9 '0 17 1.5.3 10- " 10- 1 10- 1  *

i0-12 40 17 15.3 10-' 10- S  10-  *

44e." 6 6 10-4 47 20 9.27 10-  !'0- " 10-25 *

10-12 47 20 9.27 10-'3 10- " 10-25 *

45a." 8 8 Io-" 97 28 1.06 0- 1 10- 11 1o-  *

10~12 97 28 41.06 10-12 10- n !0- 2 *

45b.) 8 8 10 -4 12 7 3.56 10-9 10 -1 10- 1 *
I0- 1 12 7 3.56 10

-
R 10- 1 lo-i s'

45c." 8 8 10
-
A 47 19 20.6 10-  10-' 10- 14  *

1O-12  47 19 20.6 10- ' 10- 3 10- 1  *

45d." 8 8 I0-  42 18 15.3 10- 9  10- 1 1O- *

10i 12 42 18 15.3 10- 9 10- % 10t- *

45.. 0  8 8 10-  49 21 9.31 10- 3 10-10 10-  *

10- 1 49 21 9.31 10- " 10- 0 I0-2 *

uI I0
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Nimnerical 1esulltz for LSQSDN

it II XTOL ma x. /.. i I r,,. "l.r* 112  Ill7 ug 2 N-*9 12n,.

qLrp evae. err.

1.0 2 2 10- * 31 12 1.11 0.00 0.00 0.00 -rT
10- 12 31 12 1.11 0.00 0.00 0.00 OPT.

2.1 2 2 l0 -  18 8 11.11 to 10- 0 10', 'r
10-12 18 8 11.'1 101  10-  101 or'

3.0 2 2 10-A 47 25 9.11 10- l 10- 1 10-20

10- 12 47 25 .11 10-in", 0-  o-  *

4.0 2 3 10- 4 53 21 10p 10-
9 10-  i - I  *

10- 2 53 21 l0  10
-
9 10

-  
10

-
1A *

5.0 2 3 10-4 10 7 3.04 10- 14  10- I3 10- 71 ,rr
10- 17  10 7 3.04 10- " t0- ' 10- 7m OPr

6. 2 10 10- 4 5.0 36 10 .365 to, 10-  10- 6
10-12 5.0 36 10 .365 to 1o- s  I0- , *

7.0 3 3 10-A 14 10 i.00 10- 11 10- 10 10-2

10- 12 14 10 1.00 10"- , 10- 1°  10- 23 oPT.

6. 3 15 10- f 6 5 2.-0 10- ' 10- 9 10- , orr
10-12 6 5 2.60 10-' 100 10-  OPT.

9. 3 15 10-  3 2 1.08 1o- €  10- 12 i0- 14  nT

10- 12 3 2 1.08 10-4  10- 12 I0- 1 orT,

10. 3 16 10- 6 17 10 t0 10' 102 10-  *

10-12 17 10 1o 10, 102 10- 1

11.0 3 10 10-4 10.0 30 15 .19.0 10- 2 10-, 10-

10-12 10.0 30 i5 49.0 10-2 10- ' 10-  *

12.0 3 10 10- 8 8 6 10.1 10-10 10-10 10- 19  OPT

10-12 12 8 10.1 10- 10 10- 1 -  o

13.0 4 4 10-9 18 17 10-3 10- 10- 13 I0-  OPT

I0- 12  18 17 I0 - 4 10-0 10- 3 10- IR OPT.

14.0 4 6 10- 8 87 42 2.00 10
-4 10-7 10- 1 OPT

I0-12 93 45 2.00 I0-* 10 -t  0- i

15. 4 11 10-4 16 8 .328 10-2 10- 14  10-p nr

10- 12 16 A .328 10-2 i0-14 10-  OT

16. 4 20 10-4 4.5 22 17.6 102 to- A 0-  *

10-12 45 22 17.6 102 10- 1 0
-
A *

17. 5 33 10-  14 9 2.46 10- 2  10-0 10-  OrT
10-12 18 11 2.16 10-' 10-  10'-  *

18.0 s 13 10-8 10.0 243 69 12.3 10-12 10- 11 10" s  Orr.
10-12 10.0 247 71 12.3 10-12 10 - 1  I0- 2  *

19. I 6.5 10-  19 10 9.38 10-  109 )0-  OPT.
10-12 19 10 9.38 10-' 10-' 10- 6 OPT
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Numerical eBfults for LSQSDN

III XTOL max. f, J i Ier i. ll tIP'l, I1E, 112 ePt. Cofl'
qtep evals. err.

20a. n 31 1O-  9 7 2.14 10-2 !0 - 6 10- 10 *

10- 12  9 7 2.44 10- 2  10-, 10- 10

20h. 9 31 IV-  6 5 6.06 10- s  10- 1 103 oT.
10-12 6 5 6.06 10- 3 I0"- , 10- 12 OPT.

20c. 12 31 10 -' 6 5 16.6 I0-  I0-" I0- 16 OrT 4
10 - 12 6 5 16.6 I0-  10- 4  I0- 1 oPT

20d. 20 31 10- 8 10 8 247. 10-10 10- 1I  10-24 oPT

10- 12 12 9 247. I0 - ' 10-Il I0- 24  oT.

21a.0  10 10 10-8 31 12 3.16 0.00 0.00 0.00 OPT.

0- 12 31 12 3.16 0.00 0.00 0.00 OPT.

21b." 20 20 10 - " 31 12 4.47 0.00 0.00 0.00 oPT
10- 12  31 12 4.47 0.00 0.00 0.00 OPT.

22a. 12 12 10- 6 18 17 10-8 10- 9 10.13 1 0
- 10 OPT

10- 12  18 17 10-  10-  10 - " 10-,, OPT.

22b." 20 20 10- " 18 17 10-
3 10-

9 10- 13 10- 8 (,PT

I0 - )2 18 17 I0- ' 10-9 10- 13 10 - 18 oPT.

23a. 4 5 10- ' 58 32 .500 10 - 3 I0 - , 10-10 OPT.

10-12 58 32 .500 10- 3 I0"- ' 10 - 10 OPT.

23h. 10 II 10-  124 64 .500 10-2 I0 - 1  10-li oPT.
I0- 12  124 64 .500 10- 2 10- 13 10 - 11  

OPT.

24a. 4 8 10- * 228 136 .759 10-a 10- 11  10- OPT.
10- 12 228 136 .759 10- 3 10 - 11 10- 11  OPT.

24b. 10 20 10- 8  150 88 .598 10- 2 I0 - , Io - * OPT.

10- 12 150 88 .598 10-2 10-  10-9 OPT.

25s%.0  10 12 10" 12 10 3.16 10- 4 10-6 10"- ) oPT.
10- 1 2  17 12 3.16 10 - 6 10-6 1O-" *

25b." 20 22 10- " 14 12 4.47 10" 10 - 7 I0 - 7  
OPT.

10- 12 19 14 4.47 10" I0- 7 I0 - 17

26a. 0  10 10 10" 18 9 .306 10"- , 10 -
11 10 - 22 OPT.

10 - 2  22 11 .306 10 - 1 to-" 10"-  *

2Gb." 20 20 10- 4 18 9 .208 10 - 10 10- 10 - 101b Or.
10 - 1 26 12 .208 1o -  10- " 10-1 *

27a.0  10 10 10 -4 102 22 7 3.18 0"- t  
I0 - 1 10- 2(l or.

10-
12 102 28 10 3.18 I0 10- 9 10- ' *

27b.' 20 20 10-4 102 21 7 1.47 10- 9 I0 -  10 - 11 nPT
10 2  102  27 10 4.47 10-  10 - 9 10- " *

28a.0 10 10 10 -" 4 3 .112 10 - "' 10 - '" 10 -  OT.
10 - 1 2  4 3 .412 10"- 1 10- If 10- 31  OPT.

28b.0  20 20 10- " 4 3 .571 10- 11 10 - 16 10- 8 2  oM.
10- 12  4 3 .571 10- '1 10-16 10 - 3 2  oM
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Nimierical ]Rv-uiltF for LSQSDN

II, XTOL max. f, J 'CC" I,'11 11f 112 II j,1l C ton"
step crabs. err.

29a.0  10 10 10- M 6 4 .412 10- 11 10- 14  10- 9  ,rT.
i0.12 6 4 .,112 10- 14  10- 1 10-2 9 T.

29b." 20 20 10" 6 , .57 10 - 14 10 1 - 2 orT.

10 - 12 6 4 .571 10- 11 10- 14  10- 2 O oPT

30a.0  10 10 10-8  7 .5 2.0.5 10-9  109 10- 1  OP
10- )2  11 7 2.05 10- 9  10- 9  106 *

" 30b. 20 20 10 -A 7 5 3.04 10 - ' 10- 9 10- 1 oT.
10 - 2 11 7 3.04 10- 9 10- 9  10- 1  *

31a." 10 10 10- * 8 6 1.80 10 -A 10- 7  10 - 16 OPT

10-12 12 8 1.80 10- 1 10- 7  10- 16  *

31b." 20 20 10 -A 8 6 2.66 10- P 10- T 10- 14 oTT
10- 17 12 8 2.66 10- * 10-  l0- 1S *

32." 10 20 10" 2 1 3.16 lop 10- 14  10- 1  
OPT

10-12 2 1 3.16 100 10- 14  10- 16  Or.
33." 10 20 10 -" 2 1 1.46 100 10- 9  10 - 6 OPT.

10- 12  2 1 1.46 100 10 - 9 10" OPT.
34. 10 20 10- 8  2 1 1.78 I0n  10 - 9 10- 6  ""T.

10- 12 2 1 1.78 10 10-9  10- 0 oP,.

35a. 8 8 10 -A 74 19 1.65 10 - ' 10- 7  10-9
10-12 74 19 1.65 10-  10 -7  10 -  *

35b." 9 9 10- 4 30 12 1.73 10-" 10- '°  10- 22 OPT.
10 - 12 34 14 1.73 10- " 10-'°  10- 22 *

35c. 10 10 10- 4 43 10 1.81 10-  10 - 10 10-3 OPT.

10-12 43 10 1.81 10- 1 10- 10 10- 3 OPT.

36a." 4 4 10 -A 38 22 50.0 10- 1s 10- 14 10 - 3 nrT.

10-12 38 22 50.0 10- " 10-' 10- 1  
OT.

36b.0  9 9 10- 6 38 22 .50.0 10-i "
P 10- 1 10 - $1 OM

10- 12  38 22 .50.0 10- 15 10-i1 10 - 1 OPT.

36c.0  9 .) 10 -A 28 27 1.73 10
- 1" 10-I" '  10- 32  fT.

10-12 28 27 1.73 10-  10-I  10 - $2 or.

36d. 9 9 9 10 -1 380 84 233. 10- 1  10- 9  10-20 oIT
S10 - )2 380 84 233. 10-'o 10- 9 10 -20 OPT

37. 2 16 10 -' 9 8 8.85 10' 10- 1
n  10- 9 OPT

10-12 9 8 8.85 101 10 -10 10- 1 OPT,

38. 3 16 10- 8 10 8 2G.1 101 10 10-  OPT.
I0-12  10 8 26.1 101 10-

9 10-
1 OPT.
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Numerical flesnIts for LSQSDN

it M ITOL max. f, J iter. IXI-'l 'll112 I1'-*112 "ut conv.
step eaks. err.

39a. 2 3 IV* 4 3 O-  10-
, 1- 10'-  orr

10-I 12 4 3 10-  10'-  10-, 10- 7 OPT

39b. 2 3 10- 1 6 5 10'-  10'-  10- " 10- ' or
10-12 6 5 1o-, to-, 10 -15 I0 -  OPT.

39c. 2 3 10-  9 5 10-  10'-  10-  10 - ', OPT
10- 12 9 5 10- 7  10'-  10- 1°  10- 7  OPT

39d. 2 3 10- 8 12 7 10 -  10 -  i010 10 -  
OrT

10- 12 12 7 10-, I0 - , 10- In  1o - -, OPT

39e. 2 3 10- 6  12 7 10- 4 t0 -  10- 11 10' oer
10 - 12 12 7 10-8 10I- 10-  10 -, OM

39f. 2 3 10-s 25 10 10- 1 )0 - 1 10- "3 10- 7  OPT
10 - 12 25 10 10- 9 10 -  10- ' s  10-  Orr

39g. 2 3 10- 6 39 15 10 - 10 in - , 10- 7  10- 7

10 - I2 39 15 10- In  10'-  10- 1 10-  *

40a. 3 4 10- 8 5 4 10- 6 10 10- i" 10- 7 OPT.

10 - 12 5 4 10- 6 l0 10- 1 10- 7 OPT.

40b. 3 4 10- 1 6 4 10- 6 10" 10-"' 10- 7  
OPT.

1o- 12 6 4 10 - s  10" 10 - ' 10- ' OPT,

40c. 3 4 10- 6 11 6 10 lo p0°  I0-  10' OT.

10- 12 11 6 10- 7  100 10- 14  10- 7  OPT.

40d. 3 4 10- s  13 7 10- 7  10 10-16 10- 7  
OPT.

10- 12 13 7 10- 7  100 I0- 16 10- 7 OPT

40e. 3 4 10- 45 16 10- 7  10" I0-' 10- 7  
OPT.

10- I2 45 16 10- 7  10" b0- t 3 10- 7 o PT

40f. 3 4 10- 8 49 18 10- 6 10 °  10- 1s  10- 7  oPT

10- 12 49 18 10-  100 10-I  10- 7  
OPT.

40g. 3 4 10 -  85 24 10-
9 10n  10- 10  10- 7  oT.

10-12 85 24 10- 9 10" 10- 10 10- 7  OPT

41a. .5 10 10- 1 4 3 10-4 i00 10-
12 10- 7 OPT.

10-12 4 3 10"-  10 10- 12 10- 7  or.

41b. .5 10 10- ' 4 3 o0 10P - ' 10- - 7  Orr
10 - 12 4 3 t0" 10" 10- 9 10- T err

41c. 5 10 10- 1 5 4 10 -  10" 10 -  10 -  , PT

10-12 5 4 10- " i n 10- , 10 - 7  OPT.

41d. 5 10 10 -  9 7 10"-  10 10- 12 10- 7  
"PT

10-12 9 7 10-  10" 10- 12 10- 7  
OPT.

41c. .5 10 10 -  14 10 I0 - , Ion 10-11 10- ' -rT

10-12 14 10 10- 7  100 10- 11 10- 7  OPT.

41f. 5 10 10" 16 12 10-  10 10- I 10- 7  
OPT.

10-12 16 12 10-  10 10-10 10- 7  OPT

41g. 5 10 10- 6 21 15 in" io 10-12 10- 7  
OPT.

10-12 21 15 0-O 10 10-
12 10- 7  

OPT
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Nimicrical fl"-iiltq for LSQSDN

it ni TOL max. 1. . ~ ll7U li't, lifitc*. cnv
st cp evake. emr

42a.0 4 24 10" 5.0 S0 41 (3. 5 10-IO lo; t-1 I

10-12 5. 0 64 43 &1.s to- In 10-7 10-19

42h.0  4 24 10-4 2.0 75 67 G 1.9 lo" lo- to-" *

42C.." 4 24 10" 5.0 I8 28 61.8 10 10o- 10-2

42d." 4 241 10 -" 5).0 27 19 W0.3 to-.% to-. I o- I

o1" 5. 27 19 60.3 10-5 10-3 1O0-10

43a.0 5 16 lo0 A 10.0 25 111 51.0 10- ik o- 10-17 -PT

10-12 10.0 33 18 51i.0 ic0-9 0 10-6 ' 1*

43b.0 .5 16 r) 0l-1 10.0 .37 17 r1.0 tc o- o io-'" orT

20-12 10.0 45 21 .rI.I0 to-, 10-6 l0o'l

43. 0 .5 16 to-A, 10.0 25 14 r54.0 lo-, 0-1 10-16 OPT.

icr"2 10.0 33 is ,,I~ to-, to-, to

43d.0  s 16 10-M 10.0 30 16 5.1.0 lop 10-7 1 0 -10% OPT

10-12 10.0 38 20 5 4.0o 100 10-7 1 0 -1A *

43e. 0 .5 16 to-* 10.0 19 10 F.1.0 10-11 to-, jo-20 OPT
10-12 10.0 27 14 54.0 10- "' 10-1 10-21)

43f.0  5 16 10-8 23 15 54.0 10-6 i0-, 1-111 OPT,
01231 19 54.0 to-' to0, t 0 's

44a.0 6 6 10-8 93 26 .1.06 10-r2 10-1 0  10-13 I
10-12 95 27 4.06 10-12 1c-10  10-23 or?.

44b.0  6 6 to-* 6 4 3.52 10r' 10-6 1o'-1 OPT

10-12 10 6 3.52 10"' 10-6 to-,,

44c.0  6 6 to0' 47 19 20.6 10-7 JO-s ior 14

ioc12 47 19 20.6 10-7 10-2 101

44d.0  6 6 to-* 40 17 15.3 10-0 to-, icr" *

i1240 17 1.5.3 10-9 to--, to-, *

44e.0 6 6 10-,, 43 is 9.27 10-'- 1 0 -'n 10 -2% OPT

10-"2 43 18 q.27 IV" 1
0j-in )0 7% I

4510' 8 8 10cr' 93 2G 41.06 to(r" 10-n10 -2 rcr"

io-29.5 27 4.r 10-12 1 0 -in 10-7. I

45b.0  8 8 10-8 6 1 1 .5 6 to-, to0, i 1
-- 1'

6ior
12 12 7 3. 56 10-" 10-' 10i513

45c." 8 8 to-, 47 1 ( 20.A to-,- to-. io-14

ioc12 47 19 20.6 10-cr' - 1cr lo- J

IN45d. 0  8 8 10', 42 18 1.5.3 10-9 10-5 to-,,
io- 1 42 18 1.5.3 10-9 to0-, 10-,

45e.(' 8 8 10-8 43 18 q.31 1i-13 10-1 0  10-26 nPT

to 243 18 9.31 101 icr 10  1-2-1 OPT
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5.9 Test Problems

Superscripts on problem numbers have the following interpretation
o zero-residual problem
L linear least-squares problem

Problems from Mori, Garbow, and Hillstrom [1981]

n m

1.0 2 2 R osenbrock
2. 0  2 2 Frendenstein and floti
3. 0  2 2 Powell Badly Scaled

4. 0  2 3 Brown Badly Scaled
.5. 2 3 Beale

6. 2 10 Jennridt and Sampson
7.0 3 3 Helical Valley

8. 3 15 Bard
9. 3 15 Gatissan

10. 3 16 Meyer

11.0 3 10 Gitf Researd and Developmenit

12.0 3 10 Box 3-Dimensional

13.0 4 4 Powell Singular
14.0 4 6 Wood
15. 4 11 Kowalik and Osborne

16. 4 20 Brown and Dennis
17. 5 33 Osborne 1

18.0 6 13 Biggs ZXP6t

t For the Gulf Bleseardi and Development Function (# 11), the formula

O,(r) = exp [' I11i 111i 721"

given in Mori, Garbow, and Hillstrom [1981] for the residual functions is in error. The correct
formula is

obi(z) = CXpI - 721_ ti

(see Mori, Garbow, and Hillstrom [1978]).

? For the Biggs EXPO Ftinction (# 18), the minmum value for the sum of squares is given
in Mori, Garbow, and Hillstrom [1981] as 5.65565 ... x 10- . It can be easily verified that the
residuals vanish at several points (for example (1, 10, 1, 5,4, .1)).
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Problems from Mor6, Garbow, and Hillstrom [1981] (continued)

19. 11 65 Osborne 2t

20a. 6 31 Watson

20h. 9 31 Watson

20c. 12 31 Watson

20d. 20 31 Watson

21a.0 10 10 Extended flosenbrock

21b.0 20 20 Extended Iosenbrock

22a.0 12 12 Extended Powell Singnlar

22b. ° 20 20 Extended Powell Singnlar

23a. 4 5 Penalty I

23b. 10 11 Penalty I

24a. 4 8 Penalty II

24b. 10 20 Penalty II

25a.0 10 12 Variably Dimensioned

25b." 20 22 Variably Dimensioned

26a. 10 10 Trigonometric

26b.0 20 20 Trigonometric

27a.0 0 10 Brown Almost Linear

27b." 20 20 Brown Almost Linear

28a.0 10 10 Discrete Boindary Value

28b.° 20 20 Discrete Boundary Value

29a.0 10 10 Discrete Integral

29b.0 20 20 Discrete Integral

30a.0 10 10 Broyden Trdiagonal

30b.0 20 20 Broyden ridiagonai

31a. 10 o0 Broyden Banded
3lb.0 20 20 Broyden Banded
32." 10 20 Linear - Fll flank

33. L  10 20 Linear -- flank 1

3 4 .L 10 20 Linear -- Ilank 1 with Zero Columns and flows

35a. 8 8 Chebyqnad

35b.0  9 9 Chebyqnad

35c. 10 10 Chobyqnad

t For Oshorne*s Second Function (# 19), the value of f(.:) is given (to six figures) in Mor4,
Garbow, and Hillstrom (1981] as 4.01377 x 10-2. The smallest value we were able to obtain was

4.01683 x 10-2.
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Matrix Square Root Problemstt

36a.0  4 4 Matrix Square foot 1

36b.0  9 9 Matrix Squiare noot 2
36c.0  9 9 Matrix Square Root 3

36d.0 9 9 Matrix Square foot 4

t These test problems come from a private communication of S. Hammarling to P. E. Gill in
1983.

MATRIX SQUARP nlOT

36a.0  1 -41(0- .0
0 10- 4  0 10- 2

S010-  4  10-2 I0 0
0 0 10- 4  0 0 10- 2)

c. °  0 0 ( 0 0

0 0 0 0 00

364d.0 000 000
(0 00 01 0

The identity matrix was used as the starting value in all instances. Note that the iteration
should not be started with the zero matrix because it is a stationary point of the sum of squares.

Problems from Salane (1987

" m

37. 2 16 Hanson 1

* 38. 3 16 Hanon 2
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Problems from McKeown (1975a] (also McKeown [1975b])

ii m

39a. 2 3 McKeown 1 0.001

39b. 2 3 McKeown 1 0.01

39c. 2 3 McKeown 1 0.1
39d. 2 3 McKeown 1 1.0

39e. 2 3 McKeown 1 10.0
39f. 2 3 McKeown 1 100.0

39g. 2 3 McKeown 1 1000.0
40a.t 3 4 McKeown 2 0.001

40b.t 3 4 McKeown 2 0.01
40c.t 3 4 McKeown 2 0.1

40d.t 3 4 McKeown 2 1.0

40e.t 3 4 McKeown 2 10.0
40f.t 3 4 McKeown 2 100.0

40g.t 3 4 McKeown 2 1000.0
41a. 5 10 McKeown 3 0.001

41b. 5 10 McKeown 3 0.01

41c. 5 10 McKeown 3 0.1

41d. 5 10 McKeown 3 1.0

41e. .5 10 MeKeown 3 10.0

41f. 5 10 McKeown 3 100.0

41g. 5 10 McKeown 3 1000.0

t In the data defining this problem given in McKeown (1975sa] and 11975b], the matrix

2.95137 4.87-10T -2.0506
B = 4.7407 9.39321 -3.931A1

-2.0506 -3.93199 2.6-17-15

is in error (it should be symmetric). The value 4

(2.95137 4.87,107 -2.0506
B= 4.87407 9.39321 -3,.3189.

\-2.0506 -3.93189 2.64745 /

which is correct to six decimal digits, was used in our formulation of the problem.

116



Problems from DeVilliers and Glasser (1981] (also Salane [1987])

" ?" starting value
42a.0  4 21 DeVilliers and Glasser 1 (1.0, 8.0.4.0.4.412)
42h.0  4 24 DeVilliers and Glasser 1 (1.0, 8.0,8.0, 1.0)
42c.0  4 24 DeVillier and Gla.mer 1 (1.0. 8.0,1.0. 4.412)
42d.0  4 24 DeViilierq and Glasser 1 (1.0, .0. .1.0, 1.0)

* 43a.0  5 16 DeVilliers and Glasser 2 (-15.0, 2.0, 2.5, 1.5,0.9)
43b.0 .5 16 DeVilliers and Glasser 2 (42.0,0.8,1.4. 1.8, 1.0)
43c. 0  5 16 DeVilliers and Glasser 2 (4.5.0, 2.0, 2.1. 2.0,0.9)
43d.0  5 16 DeVilliers and Glasser 2 (15.0, 2..5, 1.7, 1.0, 1.0)
43e. 0  5 16 DeVilliers and Glasser 2 (35.0,2.5,1.7, 1.0, 1.0)
43f.0  5 16 DeVilliers and Glasser 2 (42.0, 0.R, 1.8, 3.15, 1.0)

Problems from Dennis, Gay, and Vu [1905]

71 M starting value

44a. 0t 6 6 Exp. 791129 (.299. -0.273. -. 474,.474, -. 0892..0882)?
44b.°t 6 6 Exp. 791226 (-.3,.3, -1.2.2.69,1.59, -1.5)
44c.0  6 6 Exp. 0121a (-.011, .03, -2.56.5, 2.56.5, -. 754,.754)1
44d."t 6 6 Exp. 0121b (-.056,.026, -2.991,2.991, -. 56A,.568)
44e.°t 6 6 Exp. 0121c (-.074,.013. -3.632,3.632, -. 289,.289)
45a.0  A 8 Exp. 791129 (.299, .16, -0.273,0254, -0.474, -. 0992, .0892)t
45b.0  8 8 Exp. 791226 (-.3, -. 39,.3.-.31.-1.2,2.69,1.59, -1.5)
43c.0  $ 8 Exp. 0121a (-.0.11, -. 775,.03, -. 0.17. -2.565, 2.565, -. 754,.754)t
45d.0  8 8 Exp. 0121b (-.05. -.753,.026. -. 0.17. -2.991,2.991, -..568,.568)
45e.0  8 8 Exp. 0121c (-.07.1. -. 733, .1.. -. 034, -3.4;32. 3.632. -. 29. .299)

t Variables .72 and 74 (b and d in Dennis, Gay, and Vu [1985]) are eliminated from the linear
constraints in order to get the A-variable formulation of the problem (see Dennis, Gay, and Vu
(1985]).

I Specification of some starting values in Dennis, Gay, and Vu [1985 is incomplete. The correct
values were obtained from D. M. Gay in 1986.
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